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Subset sampling (also known as Poisson sampling), where the decision to include any specific element in the

sample is made independently of all others, is a fundamental primitive in data analytics, enabling efficient

approximation by processing representative subsets rather than massive datasets. While sampling from explicit

lists is well-understood, modern applications—such as machine learning over relational data—often require

sampling from a set defined implicitly by a relational join. In this paper, we study the problem of subset sampling
over joins: drawing a random subset from the join results, where each join result is included independently

with some probability. We address the general setting where the probability is derived from input tuple weights

via decomposable functions (e.g., product, sum, min, max). Since the join size can be exponentially larger than

the input, the naive approach of materializing all join results to perform subset sampling is computationally

infeasible. We propose the first efficient algorithms for subset sampling over acyclic joins: (1) a static index for

generating multiple (independent) subset samples over joins; (2) a one-shot algorithm for generating a single

subset sample over joins; (3) a dynamic index that can support tuple insertions, while maintaining a one-shot

sample or generating multiple (independent) samples. Our techniques achieve near-optimal time and space

complexity with respect to the input size and the expected sample size.
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1 Introduction
Sampling is a cornerstone technique in modern data analytics and machine learning, allowing

systems to trade a small amount of accuracy for significant gains in performance by processing

a representative subset of data rather than the entire dataset [21, 44]. A particularly powerful

primitive is subset sampling (also known as Poisson sampling), where the decision to include any

specific element in the sample is made independently of all others, based on a specific probability

or weight. This independence is often crucial for theoretical guarantees in randomized algorithms

and allows for uncoordinated execution in distributed systems [25, 42].

While subset sampling from explicit lists of items is well-understood, a new challenge arises in

modern data pipelines where the dataset of interest is not stored in a single table but is defined
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implicitly as the result of a relational join. In this paper, we study the problem of Subset Sampling

over Joins: efficiently drawing a random subset from the join results, where every join result is

associated with a weight and is included in the sample independently with probability equal to its

weight. Crucially, we focus on the standard setting where the weight of a join result is not arbitrary,

but is derived from weights assigned to the input tuples via an aggregation function—such as the

product, minimum, maximum, or summation of the component weights. A compelling motivation

for this problem lies in dataset condensation (or coreset construction) for machine learning over

multi-relational data [37, 46].

Example 1.1. Consider a high-stakes scientific computing task—virtual screening in drug discovery—

where a researcher wishes to train a graph neural network to predict the efficacy of complex

molecular interactions. The training data is defined by joining massive tables of chemical com-
pounds, protein targets, and metabolic pathways. The full set of valid interaction subgraphs (the

join result) is combinatorially explosive—often exceeding petabytes in size—making it impossible

to materialize or exhaustively simulate. To make training feasible, the system must generate a

condensed, representative dataset [6, 27]. Here, input tuples carry crucial domain-specific weights:

a compound has a binding affinity score, and a protein target has a clinical relevance score. The

importance of a resulting interaction tuple is naturally derived from these components (e.g., the

product of affinity and relevance, representing the joint probability of success; or the minimum,

representing a bottleneck constraint). By performing subset sampling with these derived weights,

we create a manageable, high-quality summary of the chemical space.

However, performing this sampling efficiently is algorithmically difficult due to the implicit

nature of the data. A naive approach would be to first compute the join results as well as their

aggregated weights (e.g., the product of its components), and then apply the classic subset sampling

algorithm. This strategy is prohibitively costly because of the “materialization bottleneck”: the size

of the join result can be exponentially larger than the input relations [5], which is very costly to

compute and store. In this naive process, the algorithm would spend the vast majority of its time

generating join results that are immediately discarded by the coin flips, wasting massive amounts

of computation and memory. To the best of our knowledge, no prior work has addressed the

problem of relational subset sampling except this baseline. In this paper, we aim to fill this gap by

providing the first efficient subset sampling algorithms that operate directly on the input relations.

By exploiting the join structure of the query and the decomposable nature of the weight functions,

we can effectively “skip” over the vast sea of rejected tuples and directly generate the successful

samples. Our collective results establish subset sampling over joins as a tractable database primitive,

which will pave the way for scalable, interactive analytics over massive multi-relational datasets.

1.1 Problem Definition
Subset Sampling. Given a set of elements 𝑆 = {𝑒1, 𝑒2, . . . , 𝑒𝑛} and a function p that assigns

each element 𝑒 ∈ 𝑆 a probability p(𝑒), a subset sampling query asks for a subset sample of 𝑆 .

A subset sample of 𝑆 is a random subset X ∈ 2
𝑆
, where each element 𝑒 ∈ 𝑆 is sampled into

X independently with probability p(𝑒). More formally, the distribution of X is: Pr[X = 𝑌 ] =
(∏𝑒∈𝑌 p(𝑒))

(∏
𝑒∈𝑆\𝑌 (1 − p(𝑒))

)
, 𝑌 ⊆ 𝑆. We refer to Ψ = ⟨𝑆, p⟩ as a subset sampling problem

instance. We denote the expected size of X, i.e., 𝐸 [|X|] = ∑
𝑒∈𝑆 p(𝑒), as 𝜇Ψ.

(Natural) Joins. Let att be a set where each element is called an attribute, and dom be another

set where each element is called a value. A tuple over a set 𝑈 ⊆ att is a function 𝒖 : 𝑈 → dom.

For any subset 𝑈 ′ ⊆ 𝑈 , define 𝒖 [𝑈 ′] as the tuple 𝒖′ over 𝑈 ′ such that 𝒖′ (𝐴) = 𝒖 (𝐴) for every
𝐴 ∈ 𝑈 ′. We also call 𝑈 the support attributes of 𝒖. A relation is a set 𝑅 of tuples over the same

set 𝑈 of attributes; we call 𝑈 the schema of 𝑅, a fact denoted as schema(𝑅) = 𝑈 . Given a subset
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𝑈 ⊆ schema(𝑅), the projection of 𝑅 on 𝑈—denoted as 𝑅 [𝑈 ]—is a relation with schema 𝑈 defined

as 𝑅 [𝑈 ] = {tuple 𝒖 over𝑈 | ∃ tuple 𝒗 ∈ 𝑅 s.t. 𝒗 [𝑈 ] = 𝒖} . We represent a natural join (henceforth,

simply a “join”) as a set 𝑄 of relations. We denote the number of relations in 𝑄 as 𝑘 = |𝑄 |. The
input size of 𝑄 is defined as the total number of tuples in 𝑄 , denoted as 𝑁 =

∑
𝑅∈𝑄 |𝑅 |. Define

attset(𝑄) = ⋃
𝑅∈𝑄 schema(𝑅). The join result is the following relation over attset(𝑄):

Join(𝑄) = {tuple 𝒖 over attset(𝑄) | ∀𝑅 ∈ 𝑄, 𝒖 [schema(𝑅)] ∈ 𝑅} .
The join 𝑄 can be characterized by a schema graph 𝐺𝑄 = (𝑉 , 𝐸), which is a hypergraph where

each vertex in 𝑉 is a distinct attribute in attset(𝑄), and each edge in 𝐸 is the schema of a distinct

relation in 𝑄 . The set 𝐸 may contain identical edges because two (or more) relations in 𝑄 can have

the same schema. The term “hyper” suggests that an edge can have more than two attributes. The

join 𝑄 is acyclic [50] if 𝐺𝑄 is acyclic. A hypergraph is acyclic if there exists a tree T , called a join
tree, whose nodes have a one-to-one correspondence with the relations in 𝑄 (i.e., hyperedges in 𝐸),

such that for any attribute 𝐴 ∈ 𝑉 , the set of nodes corresponding to relations containing 𝐴 forms a

connected subtree in T . A join that is not acyclic is called a cyclic join.
As a variant of join, the semi-join between𝑅1 and𝑅2 is defined as𝑅1⋉𝑅2 = 𝑅1 Z (𝑅2 [schema(𝑅1)∩

schema(𝑅2)]), which returns all tuples in 𝑅1 that can be joined with some tuple from 𝑅2. When the

second operand is a single tuple 𝒗, 𝑅1 ⋉ 𝒗 is a shorthand for 𝑅1 ⋉ {𝒗}. As a special case, 𝑅 ⋉ ∅ = 𝑅.

Subset Sampling over Joins. Let 𝑄 = {𝑅1, 𝑅2, . . . , 𝑅𝑘 } be a join as defined above. Each relation

𝑅 𝑗 ∈ 𝑄 is associated with a function p𝑗 : 𝑅 𝑗 → [0, 1] that assigns a weight from [0, 1] to each tuple

in it. For each join result 𝒖 ∈ Join(𝑄), its weight is a function F defined on the weights of these

tuples that constitute this join result:

p(𝒖) = F (p1 (𝒖 [schema(𝑅1)]), p2 (𝒖 [schema(𝑅2)]), . . . , p𝑘 (𝒖 [schema(𝑅𝑘 )])) , (1)

where F can be theMAX,MIN, PRODUCT, or SUM function. It is required that p(𝒖) ∈ [0, 1]. Given
a join instance𝑄 and a set of associated weight functions {p𝑗 } 𝑗∈{1,2,...,𝑘 } , a relational subset sampling
query is a subset sampling query to the subset sampling instance Ψ = ⟨Join(𝑄), p⟩, i.e., asks to
sample a random subset X of Join(𝑄), where each join result 𝒖 is sampled into X independently

with probability defined by its weight p(𝒖). More formally, the distribution of X is

Pr[X = 𝑌 ] =
(∏
𝒖∈𝑌

p(𝒖)
) ©­«

∏
𝒖∈Join(𝑄 )\𝑌

(1 − p(𝒖))ª®¬ , 𝑌 ⊆ Join(𝑄). (2)

We denote the expected size of X, i.e., 𝐸 [|X|] = ∑
𝒖∈Join(𝑄 ) p(𝒖), as 𝜇Ψ.

The first problem we study is an indexing (data structure) problem, where we wish to have an

index that supports drawing multiple independent subset samples from join results efficiently:

Problem 1.2 (Indexed Subset Sampling over Joins). Given a join instance 𝑄 and a set of

associated weight functions {p𝑖 }𝑖∈{1,2,...,𝑘 } , the goal is to construct an index for answering

subset sampling queries to the instance ⟨Join(𝑄), p⟩. Additionally, the random subsets

returned by distinct queries must be independent.

We are interested in the preprocessing time 𝑡𝑝 and space usage of the index constructed, as well as

the time 𝑡𝑠 for answering a relational subset sampling query from the index.

The second problem we study is a one-shot version of relational subset sampling where we wish

to output one subset sample from join results efficiently:

Problem 1.3 (One-shot Subset Sampling over Joins). Given a join instance 𝑄 and a set

of associated weight functions {p𝑖 }𝑖∈{1,2,...,𝑘 } , the goal is to compute one subset sample

from the instance ⟨Join(𝑄), p⟩.
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In this case, we are interested in the total answering time. Although any solution to Problem 1.2

gives a solution to Problem 1.3 with total time 𝑂 (𝑡𝑝 + 𝑡𝑠 ), this may not be efficient enough.

Dynamic Subset Sampling over Joins.We also consider the dynamic setting with tuple inser-

tions
1
. Now, each insertion is a triple ⟨𝒖, 𝑅ℎ, 𝜂, 𝑝⟩ for 𝜂 ∈ Z+, 𝑝 ∈ [0, 1] and 𝑅ℎ ∈ 𝑄 , indicating that

tuple 𝒖 is inserted into relation 𝑅ℎ at timestamp 𝜂 with weight 𝑝 . We follow the set semantics, so

inserting a tuple into a relation that already has it has no effect. Consider the stream of input tuples,

ordered by their timestamp. Let 𝑄𝜂
be the join defined by the first 𝜂 tuples of the stream, and set

𝑄0 = ∅. Also, let {p𝜂
𝑖
}𝑖∈{1,2,...,𝑘 } be the associated weight functions for 𝑄𝜂

. Each join result 𝒖 ∈ 𝑄𝜂

has its probability p
𝜂 (𝒖) defined similar to (1). We use 𝑁 to denote the length of the stream, which

is only used in the analysis. The algorithms will not need the knowledge of 𝑁 , so they work over an

unbounded stream. We have the corresponding versions of both problems in the dynamic setting:

Problem 1.4 (Dynamic Indexed Subset Sampling over Joins). Suppose tuples come in

a streaming fashion. The goal is to maintain an index for answering subset sampling

queries to the instance ⟨Join(𝑄𝜂), p𝜂⟩ for every timestamp 𝜂 ∈ Z+. Additionally, the
random subsets returned by distinct queries must be independent.

Problem 1.5 (Dynamic One-shot Subset Sampling over Joins). Suppose tuples come

in a streaming fashion. The goal is to maintain one subset sample from the instance

⟨Join(𝑄𝜂), p𝜂⟩ for every timestamp 𝜂 ∈ Z+.
For the dynamic index, we are interested in the maintenance time 𝑡𝑢 of the index when a tuple is

inserted, and the time 𝑡𝑠 for answering a relational subset sampling query from the index. For the

dynamic one-shot problem, we care about the total running time. Again, any solution to Problem 1.4

yields a solution to Problem 1.5 with total time 𝑂 (𝑡𝑢 · 𝑁 + 𝑡𝑠 ).
For all versions of the relational subset sampling problem, we study the data complexity [1] and

analyze the complexity in terms of the data-dependent quantities (such as input size 𝑁 and expected

size of subset samples 𝜇Ψ), while taking the schema size of 𝑄 (i.e., |𝑉 | and |𝐸 |) as a constant.
Computation Model. We discuss our algorithms in the real RAM model of computation [10, 45].

In particular, we assume that the following operations take constant time: (i) accessing a memory

location; (ii) generating a random value from the standard uniform distribution Uniform(0, 1); and
(iii) performing basic arithmetical operations involving real numbers, such as addition, multiplica-

tion, division, comparison, truncation, and evaluating fundamental functions like log. We denote

by Geometric(𝑝) the geometric distribution over {0, 1, . . .} with probability mass function Pr[𝑋 =

𝑘] = (1− 𝑝)𝑘𝑝 . We denote by TruncatedGeometric(𝑝, 𝑛) the geometric distribution conditioned on

the value being strictly less than 𝑛, i.e., with support {0, 1, . . . , 𝑛 − 1}. Under the RAM model, we

can generate a random value 𝑥 from Geometric(𝑝) in𝑂 (1) time [11] by setting 𝑥 = ⌊ logUniform(0,1)
log(1−𝑝 ) ⌋.

Additionally, we can generate a random value 𝑥 from TruncatedGeometric(𝑝, 𝑛) in 𝑂 (1) time [11]

by setting 𝑥 = ⌊ log(1−𝑞 ·Uniform(0,1) )
log(1−𝑝 ) ⌋, where 𝑞 = 1 − (1 − 𝑝)𝑛 .

Math Conventions. For an integer 𝑥 ∈ Z+, the notation [𝑥] denotes the set {1, 2, . . . , 𝑥}, and ⟦𝑥⟧
denotes the set {0, 1, . . . , 𝑥}. The notation ⊔

denotes the disjoint union of sets. Given an ordered

set of elements 𝑋 and a pair of elements 𝑥, 𝑥 ′ ∈ 𝑋 , we use 𝑥 ≺ 𝑥 ′ to indicate that 𝑥 is smaller than

𝑥 ′, and 𝑥 ⪯ 𝑥 ′ to indicate that 𝑥 is no larger than 𝑥 ′. We use log𝑥 to denote log
2
𝑥 .

1
In the fully dynamic case with both insertions and deletions, the subset sampling problem (with all weights as 1) is at

least as hard as maintaining the join results. For general (more precisely, a non-hierarchical) join query, conditioned on the

Online Matrix-Vector (OMv) multiplication conjecture, the update time must be Ω (𝑁 0.5−𝜖 ) for every 𝜖 > 0 just to maintain

the Boolean answer, when both insertions and deletions are allowed [8]. Even for this Boolean problem, establishing a

matching upper bound is still open, except for some specific joins.
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To help understanding, we list the main notations used by this paper in Table 2.

1.2 Related Work
Uniform Sampling over Joins. Chaudhuri et al. [14] and Olken [44] first established the uniform

sampling over join problem, which returns a uniform sample from the join results. Zhao et al. [52]

introduced a linear space index for drawing uniform independent samples from acyclic joins. Later,

Chen and Yi [16] investigated the cyclic joins and their results were improved to be conditionally

optimal by two independent works [24, 36]. Huang et al. [33] investigated uniform sampling for

acyclic joins with selection predicates. Dai et al. [23] proposed a reservoir sampling framework for

maintaining uniform samples over joins in streaming settings.

Non-uniform Sampling over Joins. Non-uniform sampling has been extensively studied in the

context of online aggregation (OLA). The ripple join [30] and its variants generalize nested-loop

joins to incrementally estimate aggregates with confidence intervals. Similarly, wander join [38]

uses random walks over the join graph to provide unbiased estimators for aggregates like SUM or

COUNT. These approaches differ fundamentally from ours: they are designed to estimate scalar

statistics using algorithmic probabilities that minimize variance, whereas our goal is to materialize

a concrete subset of independent samples according to user-defined importance weights.

Despite the substantial body of work on sampling over joins, we are not aware of any existing

approach that can be adapted to support subset sampling over joins, indicating the need for novel

techniques. A straightforward approach to subset sampling over joins is to first materialize the join

result and then build a standard index over all output tuples. However, the size of the join result can

be orders of magnitude larger than that of the input database, making this approach prohibitively

inefficient. More broadly, there is a growing line of work on solving optimization problems on join

results without fully materializing the join [2–4, 13, 15, 17, 18, 22, 26, 34, 35, 37, 40, 41, 46–49].

Post-Acceptance Note. Concurrent to our work, a nice work [7] independently studied the

same core statistical problem in slightly different settings. Their problem formulation assumes the

sampling probability of a join result is dictated by a single attribute originating from a single base

relation. In contrast, our problem definition is broader, supporting probabilities derived from the

aggregation of tuple weights across multiple relations via decomposable functions (e.g., PRODUCT,
MIN, MAX, SUM). Algorithmically, their work achieves an 𝑂 (𝑁 ) index construction time and

𝑂 (𝜅 log𝑁 ) sampling time (where 𝜅 is the sample size), with a focus on practical implementations

in main-memory column stores using the Shredded Yannakakis framework.

1.3 Our Results
Our main results are summarized in Table 1. In this paper, we focus on acyclic joins, and all of

our algorithms can be extended to cyclic joins using the standard tree decomposition approach

[29]. In this transformation, the effective input size scales from 𝑁 to 𝑁𝑤
, where𝑤 ≥ 1 represents

the fractional hypertree width (or more complex measures such as #submodular width [39]).

Consequently, in our complexity results, linear dependencies on 𝑁 are replaced by 𝑁𝑤
, while

logarithmic dependencies (e.g., log𝑁 , log log𝑁 ) remain unchanged, as the width𝑤 is treated as a

constant under data complexity. We address three primary scenarios:

• (Section 3) For the static setting, we design an index that can be constructed in𝑂 (𝑁 log𝑁 log log𝑁 )
time and 𝑂 (𝑁 log𝑁 ) space, supporting subset sampling queries in expected 𝑂 (1 + 𝜇Ψ log𝑁 )
time, where 𝑁 is the input size and 𝜇Ψ is the expected sample size.

• (Section 4) Then, we present a one-shot algorithm that bypasses index construction to generate

a single subset sample in 𝑂 (𝑁 log
2 𝑁 + 𝜇Ψ) expected time.
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Static Method Preprocessing Time Sampling Time Space Usage

Index

Baseline 𝑂 (𝑁 + | Join(𝑄) |) 𝑂 (1 + 𝜇Ψ) 𝑂 ( | Join(𝑄) |)
Our Algorithm 𝑂 (𝑁 log𝑁 log log𝑁 ) 𝑂 (1 + 𝜇Ψ log𝑁 ) 𝑂 (𝑁 log𝑁 )

One-shot

Baseline — 𝑂 (𝑁 + | Join(𝑄) |) 𝑂 ( | Join(𝑄) |)
Our Algorithm — 𝑂 (𝑁 log

2 𝑁 + 𝜇Ψ) 𝑂 (𝑁 log
2 𝑁 + 𝜇Ψ)

Dynamic Method Update Time Sampling Time Space Usage

Index Our Algorithm 𝑂 (log
3 𝑁 log log𝑁 ) 𝑂 (𝜇Ψ log𝑁 ) 𝑂 (𝑁 log𝑁 )

One-shot Our Algorithm — 𝑂 (𝑁 log
3 𝑁 log log𝑁 + 𝜇Ψ log𝑁 ) 𝑂 (𝑁 log𝑁 )

Table 1. Complexity of subset sampling on acyclic joins (extendable to cyclic joins with 𝑁 increased to 𝑁𝑤 )
for product function. 𝑁 is the input size, | Join(𝑄) | is the join size, and 𝜇Ψ is the expected output size.

• (Section 5) Finally, we extend our framework to the dynamic setting with insertions, by applying

and adapting the dynamic direct access index for the acyclic join in [23].

Remark 1. In the main text, we assume the function F to be the product of the input weights. In

Appendix C, we show how other functions can be supported by simply adapting our algorithms.

1.4 Prior Results as Preliminaries
Subset Sampling. The classic subset sampling problem with a given set of elements has been well

studied [9, 11, 31, 51]. A naive approach is to iterate through all 𝑛 elements and flip a biased coin

for each, taking 𝑂 (𝑛) time. So, the goal is to design algorithms with query time proportional to the

expected output size 𝜇Ψ, which can be significantly smaller than the total number of elements. In

the dynamic setting, where elements and probabilities can change, any algorithm requires Ω(1+𝜇Ψ)
query time and Ω(1) update time [51]. In the static setting, [11] provided the first index with an

optimal query time of 𝑂 (1 + 𝜇Ψ). However, their index requires 𝑂 (log
2 𝑛) update time, which is

suboptimal in the dynamic setting. Recently, [9, 31, 51] optimally solved this dynamic problem

with indexes that take expected query time 𝑂 (1 + 𝜇Ψ), 𝑂 (𝑛) space and 𝑂 (1) update time. [28, 32]

explored weighted subset sampling where the probabilities are normalized by the total weight.

Worst-Case Optimal Joins. The AGM bound states that for any join instance 𝑄 of size 𝑁 , the

maximum number of join results is Θ(𝑁 𝜌∗ ) [5], where 𝜌∗ is the fractional edge covering number of

the schema graph 𝐺𝑄 . The worst-case optimal join algorithms can compute any join instance 𝑄 of

size 𝑁 within 𝑂 (𝑁 𝜌∗ ) time [43].

Direct Access for Joins. The direct access problem for joins was first studied by Carmeli et al. [12],

which assumes a fixed ordering on the join results in Join(𝑄) and asks for an index to return the

join result in some specific position. For any acyclic join 𝑄 , an index can be built in 𝑂 (𝑁 ) time

such that each direct access query can be answered in 𝑂 (log𝑁 ) time [12, 52].

2 Classic Subset Sampling Revisited
In this section, we revisit the classic subset sampling problem, which serves as the foundation for

our relational algorithms. We rely on the DirectAccess oracle for the input set 𝑆 (under some fixed

ordering
2
). Given an integer 𝑖 ∈ [|𝑆 |], this oracle returns the 𝑖-th element of 𝑆 in 𝑂 (1) time.

2.1 Perfect-Uniform Subset Sampling
A subset sampling problem instance Ψ = ⟨𝑆, p⟩ is perfect-uniform if p(𝑒) = 𝑝 for any 𝑒 ∈ 𝑆 , which is

also simplified as Ψ = ⟨𝑆, 𝑝⟩. We have the following folklore result for the perfect-uniform scenario:

2
The ordering can be arbitrary but must remain consistent across multiple invocations of this oracle.
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Lemma 2.1 (Perfect-Uniform Subset Sampling). For a perfect-uniform subset sampling instance
Ψ = ⟨𝑆, 𝑝⟩ , there is an index D that can be built within 𝑂 ( |𝑆 |) space and time, using which each
subset sampling query can be answered in 𝑂 (1 + 𝜇Ψ) expected time.

Algorithm 1: uss-vanilla(𝑆, 𝑝)
1 X← ∅; 𝑖 ← 0;

2 while 𝑖 < |𝑆 | do
3 𝑖 ← 𝑖 + 1 + Geometric(𝑝);
4 Add DirectAccess (𝑆, 𝑖) to X;

5 return X;

Algorithm 2: uss-advanced(𝑆, 𝑝)
1 X← ∅; 𝑞 ← 1 − (1 − 𝑝) |𝑆 | ;
2 if Uniform(0, 1) ≤ 𝑞 then
3 𝑖 ←

1+TruncatedGeometric(𝑝, |𝑆 |);
4 Add DirectAccess (𝑆, 𝑖) to X;
5 while 𝑖 < |𝑆 | do
6 𝑖 ← 𝑖 + 1 + Geometric(𝑝);
7 Add DirectAccess (𝑆, 𝑖) to X;

8 return X;

The index D consists of an array storing the ele-

ments of 𝑆 , which allows us to retrieve the 𝑖-th ele-

ment in 𝑂 (1) time. Additionally, we precompute the

probability 𝑞 = 1 − (1 − 𝑝) |𝑆 | that the resulting sam-

ple is non-empty. The construction takes𝑂 ( |𝑆 |) time

and space. Given this index, there are two algorithms

to achieve the query time complexity. Algorithm 1

represents the standard approach using geometric

jumps to skip over rejected elements. Algorithm 2,

however, utilizes the precomputed probability 𝑞 to

introduce a preliminary step: it first tosses a coin to

decide whether to sample at least one element from

𝑆 . While both algorithms are optimal for a single in-

stance, Algorithm 2 offers a special benefit when han-

dling multiple perfect-uniform instances. Instead of

invoking the sampling procedure for every instance,

this structure allows us to first sample the subset of

instances that yield non-empty results, and then per-

form subset sampling only within those. This strategy

significantly improves the total time complexity in

the batched setting, as will be detailed in Section 2.3.

2.2 Rejection-based Subset Sampling
The perfect-uniform condition is too restrictive for general applications. We can relax this re-

quirement using a rejection-based strategy without affecting the asymptotic running time. Given

a general instance Ψ = ⟨𝑆, p⟩, we define an upper bound 𝑝max = max𝑒∈𝑆 p(𝑒). We construct the

index described in Lemma 2.1 for the bounding perfect-uniform instance Ψ+ = ⟨𝑆, 𝑝max⟩. This
preprocessing takes 𝑂 ( |𝑆 |) time.

The query procedure first retrieves a subset sample X from Ψ+ using the index (via Algorithm 1

or Algorithm 2). Then, for each element 𝑒′ ∈ X, we retain it in the final sample with probability

p(𝑒′)/𝑝max. The overall runtime is proportional to the size of the intermediate sample X. There are
two conditions under which this runtime is efficiently bounded:

Lemma2.2 (𝛽-uniform Subset Sampling). Given a subset sampling instanceΨ = ⟨𝑆, p⟩, ifmax𝑒∈𝑆 p(𝑒) ≤
𝛽 ·min𝑒∈𝑆 p(𝑒) for some parameter 𝛽 ≥ 1, there is an index D that can be built within 𝑂 ( |𝑆 |) space
and time, using which each subset sampling query can be answered in 𝑂 (1 + 𝛽 · 𝜇Ψ) expected time.

Lemma 2.3 (Light Subset Sampling). Given a subset sampling instance Ψ = ⟨𝑆, p⟩, if max𝑒∈𝑆 p(𝑒) ≤
1/|𝑆 |, there is an index D that can be built within 𝑂 ( |𝑆 |) space and time, using which each subset
sampling query can be answered in 𝑂 (1) expected time.

2.3 Batched Rejection-based Subset Sampling
Consider a general subset sampling problem instance Ψ = ⟨𝑆, p⟩ that is partitioned into a set of

𝑚 disjoint sub-instances {Ψ𝑖 = ⟨𝑆𝑖 , p⟩}𝑖∈[𝑚] , where 𝑆 =
⊔

𝑖∈[𝑚] 𝑆𝑖 . Each sub-instance has an upper

bound 𝑝+𝑖 on the maximum probability (i.e., max𝑒∈𝑆𝑖 p(𝑒) ≤ 𝑝+𝑖 ) and is either light or 𝛽-uniform.
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Algorithm 3: ss-rejected-batch({Ψ𝑖 }𝑖∈[𝑚])
Input: Implicit access to the meta-index for q and sub-indexes for {Ψ𝑖 }.
Output: A subset sample X.

1 I← ss-query(Ψmeta) ; // Query the meta-index

2 foreach 𝑖 ∈ I do
3 X𝑖 ← ∅;
4 𝑗 ← 1+ TruncatedGeometric(𝑝+𝑖 , |𝑆𝑖 |) ; // Simulate Algorithm 2 using sub-index

5 Add DirectAccess (𝑆𝑖 , 𝑗) to X𝑖 ;

6 while 𝑗 < |𝑆𝑖 | do
7 𝑗 ← 𝑗 + 1 + Geometric(𝑝+𝑖 );
8 if 𝑗 ≤ |𝑆𝑖 | then Add DirectAccess (𝑆𝑖 , 𝑗) to X𝑖 ;

9 foreach 𝑒 ∈ X𝑖 do Remove 𝑒 from X𝑖 with probability 1 − p𝑖 (𝑒 )
𝑝+
𝑖

;

10 return
⋃

𝑖∈I X𝑖 ;

A naive approach would be to construct the index from Section 2.2 for each sub-instance and

invoke the query procedure for each one. However, this would take Ω(𝑚) time per query, as we

must spend at least 𝑂 (1) time to check every sub-instance. To improve efficiency, we construct a

composite index that supports a two-stage sampling process:

• Preprocessing phase: First, for each sub-instance Ψ𝑖 , we build the standard index for ⟨𝑆𝑖 , 𝑝+𝑖 ⟩
as described in Lemma 2.1. Second, we construct a meta-index to identify which sub-instances

are likely to contribute to the final sample. We define a probability function q : [𝑚] → [0, 1]
where q(𝑖) = 1− (1−𝑝+𝑖 ) |𝑆𝑖 | . Note that q(𝑖) is the probability that sampling from 𝑆𝑖 with uniform

probability 𝑝+𝑖 yields a non-empty set. We build an optimal subset sampling index (e.g., [9]) for

the meta-instance Ψmeta = ⟨[𝑚], q⟩. The total preprocessing time is linear in |𝑆 |.
• Query phase: Algorithm 3 proceeds in two stages. First, it queries the meta-index to obtain a

random set of indices I ⊆ [𝑚]. Then, only for the selected indices 𝑖 ∈ I, it invokes the query
procedure on the sub-instance Ψ𝑖 (using Algorithm 2 logic) and performs rejection sampling.

Lemma 2.4 (Batched Subset Sampling Index). Given a partitioned instance as defined above, there
is an index that can be built in 𝑂 ( |𝑆 |) time and space. Using this index, Algorithm 3 returns a valid
subset sample in 𝑂

(
1 +∑𝑚

𝑖=1
|𝑆𝑖 | · 𝑝+𝑖

)
expected time.

Proof of Lemma 2.4. The preprocessing phase constructs two levels of indexes: standard subset

sampling indexes for each sub-instance Ψ𝑖 (taking 𝑂 (
∑ |𝑆𝑖 |) =𝑂 ( |𝑆 |) time) and a meta-index for

Ψmeta = ⟨[𝑚], q⟩ (taking 𝑂 (𝑚) ≤ 𝑂 ( |𝑆 |) time). The space complexity is clearly 𝑂 ( |𝑆 |).
We now analyze the expected query time of Algorithm 3. The running time consists of two parts:

(1) Meta-sampling. Using the meta-index, generating the set of indices I takes expected time

𝑂 (1 + 𝜇Ψmeta
), where 𝜇Ψmeta

=
∑𝑚

𝑖=1
q(𝑖).

(2) Sub-sampling. For each selected index 𝑖 ∈ I, we generate an intermediate sample X′𝑖 using the
geometric jump procedure (simulating uss-advanced). The cost for a specific 𝑖 is proportional
to the size of this intermediate sample. The total expected cost is: E[Costsub] =

∑𝑚
𝑖=1

q(𝑖) ·
𝑂

(
E[|X′𝑖 | | X′𝑖 ≠ ∅]

)
. Note that E[|X′𝑖 | | X′𝑖 ≠ ∅] =

E[ |X′𝑖 | ]
Pr[X′

𝑖
≠∅] =

|𝑆𝑖 |𝑝+𝑖
q(𝑖 ) . Substituting this back into

the summation, we have:

E[Costsub] =𝑂

(
𝑚∑︁
𝑖=1

q(𝑖) ·
|𝑆𝑖 |𝑝+𝑖
q(𝑖)

)
=𝑂

(
𝑚∑︁
𝑖=1

|𝑆𝑖 |𝑝+𝑖

)
.
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Combining both parts, the total expected time is𝑂 (1+∑𝑚
𝑖=1

q(𝑖) +∑𝑚
𝑖=1
|𝑆𝑖 |𝑝+𝑖 ). Since q(𝑖) ≤ |𝑆𝑖 |𝑝+𝑖 ,

the total complexity simplifies to 𝑂 (1 +∑𝑚
𝑖=1
|𝑆𝑖 | · 𝑝+𝑖 ). □

3 Indexed Subset Sampling over Joins
We start with Problem 1.2 for the join instance𝑄 and the associated weight functions {p𝑖 }𝑖∈[𝑘 ] . We

assume tuples in each relation 𝑅𝑖 ∈ 𝑄 are in some arbitrary fixed ordering, and relations in 𝑄 are

also in some arbitrary fixed ordering. All missing proofs of this section are given in Appendix B.

3.1 First Attempt
So far, we first assume that a DirectAccess oracle is available for the input join instance 𝑄 (under

some fixed ordering), such that it receives an integer 𝑖 ∈ [| Join(𝑄) |], and returns the 𝑖-th element of

Join(𝑄). Similar to before, the ordering can be arbitrary but must remain consistent across multiple

invocations of this oracle. Let 𝐿 = ⌈2𝜌∗ log𝑁 ⌉, where 𝜌∗ is the fractional edge covering number of

the schema graph 𝐺𝑄 . Note that 2
𝐿 ≥ | Join(𝑄) |.

Step 1: Partition input relations. For each relation 𝑅𝑖 ∈ 𝑄 , we partition tuples into 𝐿 + 1 sub-

relations 𝑅
⟨0⟩
𝑖

, 𝑅
⟨1⟩
𝑖

, . . . , 𝑅
⟨𝐿⟩
𝑖

based on their probabilities, where 𝑅
⟨ 𝑗 ⟩
𝑖

= {𝒖 ∈ 𝑅𝑖 | 2− 𝑗−1 < p𝑖 (𝒖) ≤
2
− 𝑗 } for 𝑗 ∈ ⟦𝐿 − 1⟧ and 𝑅 ⟨𝐿⟩

𝑖
= {𝒖 ∈ 𝑅𝑖 |p𝑖 (𝒖) ≤ 2

−𝐿}. Then, each combination 𝒋 = ( 𝑗1, 𝑗2, . . . , 𝑗𝑘 ) ∈
⟦𝐿⟧𝑘 defines a sub-join of 𝑄 , denoted as: 𝑄𝒋 = {𝑅 ⟨ 𝑗1 ⟩

1
, 𝑅
⟨ 𝑗2 ⟩
2

, . . . , 𝑅
⟨ 𝑗𝑘 ⟩
𝑘
}. The join results of 𝑄𝒋 are a

disjoint partition of the join results of𝑄 , i.e., Join(𝑄) = ⊔
𝒋∈⟦𝐿⟧𝑘 Join(𝑄𝒋). To answer a query to the

subset sampling instance Ψ = ⟨Join(𝑄), p⟩, we can return the disjoint union of the subsets sampled

from all sub-instances Ψ𝒋 =
〈
Join(𝑄𝒋), p

〉
for 𝒋 ∈ ⟦𝐿⟧𝑘 . There are (𝐿 + 1)𝑘 sub-instances in total.

Step 2: Apply subset sampling to all sub-instances.We first point out the following observation

on each sub-instance in such a partition:

Lemma 3.1 (Either Light or Near-uniform Sub-instance). Let 𝒋 = ( 𝑗1, 𝑗2, . . . , 𝑗𝑘 ). If
∑

𝑖∈[𝑘 ] 𝑗𝑖 ≥ 𝐿,
the instance Ψ𝒋 is light, and otherwise, it is 2

𝑘 -uniform.

Proof of Lemma 3.1. For the largest probability, we always havemax𝒖∈Join(𝑄𝒋 ) p(𝒖) ≤ 2
−∑

𝑖∈ [𝑘 ] 𝑗𝑖
.

If

∑
𝑖∈[𝑘 ] 𝑗𝑖 ≥ 𝐿, we have max𝒖∈Join(𝑄𝒋 ) p(𝒖) ≤ 2

−∑
𝑖∈ [𝑘 ] 𝑗𝑖 ≤ 2

−𝐿 ≤ 1/| Join(𝑄) |, following our

assumption on 𝐿. Hence, Ψ𝒋 is light. Otherwise, we must have 𝐿 ∉ { 𝑗1, 𝑗2, . . . , 𝑗𝑘 }. In this case, for

the smallest probability, we have 2
−𝑘−∑𝑖∈ [𝑘 ] 𝑗𝑖 ≤ min𝒖∈Join(𝑄𝒋 ) p(𝒖). Hence, Ψ𝒋 is 2

𝑘
-uniform since

max𝒖∈Join(𝑄𝒋 ) p(𝒖) ≤ min𝒖∈Join(𝑄𝒋 ) p(𝒖). □

To efficiently sample from these sub-instances, we adopt the composite index strategy from

Section 2.3. We treat the sub-joins {𝑄𝒋}𝒋∈⟦𝐿⟧𝑘 as the disjoint sub-instances. We define the meta-

probability q(𝒋) = 1 − (1 − 2
−∑

𝑖∈ [𝑘 ] 𝑗𝑖 ) | Join(𝑄𝒋 ) |
and construct the meta-index for the instance

⟨⟦𝐿⟧𝑘 , q⟩. This allows us to skip empty or non-selected sub-instances efficiently. To put it formally:

• Preprocessing phase: We partition input tuples by weights. For each sub-instance 𝑄𝒋 , we build

a DirectAccess oracle (the sub-index) and compute the join size (e.g., [52]). Additionally, we build

the meta-index for q as described in Section 2.3.

• Query phase:We invoke Algorithm 3 using the constructed meta-index and sub-indexes. The

algorithm first samples a set of indices I using the meta-index, and then retrieves tuples from the

selected sub-instances 𝑄𝒋 via their DirectAccess oracles.

Theorem 3.2. Given an acyclic join instance𝑄 consisting of 𝑘 relations, and a set of associated weight
functions {p𝑗 }𝑅 𝑗 ∈𝑄 , there is an indexD that can be built within𝑂 (𝑁 log

𝑘−1 𝑁 ) space and time, using
which each subset sampling query can be answered in 𝑂 (1 + 𝜇Ψ log𝑁 ) expected time.
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Proof of Theorem 3.2. The preprocessing phase constructs the index defined in Lemma 2.4.

(1) Partitioning and Sub-indexes.We partition each relation 𝑅𝑖 ∈ 𝑄 into 𝐿 + 1 sub-relations, defining

(𝐿+1)𝑘 sub-instances𝑄𝒋 . For each sub-instance, we construct a DirectAccess oracle (sub-index).
According to [52], building a DirectAccess oracle for an acyclic join takes time linear in its input

size. Since each tuple participates in (𝐿 + 1)𝑘−1
sub-instances and 𝐿 =𝑂 (log𝑁 ), the total time

and space are 𝑂 (𝑁 log
𝑘−1 𝑁 ).

(2) Meta-index. We build the meta-index for Ψ′ = ⟨⟦𝐿⟧𝑘 , q⟩. As the universe size is (𝐿 + 1)𝑘 =

𝑂 (log
𝑘 𝑁 ), this index can be built in 𝑂 (log

𝑘 𝑁 ) time and space, which is subsumed by the cost

of building the sub-indexes.

The query proceeds according to Algorithm 3.

(1) Meta-sampling.We query the meta-index to obtain indices I. The expected time is 𝑂 (1 + 𝜇Ψ′ ),
where 𝜇Ψ′ =

∑
𝒋 q(𝒋). As shown in the main text, 𝜇Ψ′ ≤ 𝜇Ψ + 1.

(2) Sub-sampling. For each 𝒋 ∈ I, we draw samples from 𝑄𝒋 . Since each sub-instance is either light

or 2
𝑘
-uniform, the expected cost per selected instance is proportional to the number of samples

times the DirectAccess access cost 𝑂 (log𝑁 ). Following the analysis in Lemma 2.4, the total

expected cost is 𝑂 ((1 + 𝜇Ψ) log𝑁 ).
Summing these gives the total expected query time 𝑂 (1 + 𝜇Ψ log𝑁 ). □

Next, we improve upon this initial result by showing an optimized index with much smaller

space and preprocessing time, while maintaining the same query time.

3.2 Optimized Index – Framework
The framework in Section 3.1 establishes feasibility but is not space-efficient because it treats every

combination of weight buckets 𝒋 ∈ ⟦𝐿⟧𝑘 as a distinct sub-instance. We now present an optimized

index that reduces space usage to 𝑂 (𝑁 log𝑁 ).
Merging Sub-instances by Score. Recall from Lemma 3.1 that the classification of a sub-instance

𝑄𝒋 (as either light or near-uniform) depends solely on the sum of indices

∑𝑘
𝑖=1

𝑗𝑖 . This observation

allows us to merge sub-instances. Instead of maintaining (𝐿 + 1)𝑘 disjoint partitions, we group join

results based on their total weight “score.”

For any tuple 𝒖 in a relation 𝑅𝑖 , let its score be 𝜙 (𝒖) = ⌊− log p𝑖 (𝒖)⌋. For a join result 𝒖 ∈ Join(𝑄),
its score is the sum of component scores:

¯𝜙 (𝒖) = ∑𝑘
𝑖=1

𝜙 (𝒖 [schema(𝑅𝑖 )]). We partition the join

results Join(𝑄) into disjoint buckets based on this score. Let Bℓ = {𝒖 ∈ Join(𝑄) | ¯𝜙 (𝒖) = ℓ} denote
the set of join results with score ℓ . We treat these buckets as the disjoint sub-instances required by

the batched framework in Section 2.3. Specifically:

(1) Buckets ℓ < 𝐿: Each bucket Bℓ contains join results with probabilities in the range (2−ℓ−1, 2−ℓ ].
Thus, Bℓ forms a 2-uniform sub-instance with upper bound 𝑝+ℓ = 2

−ℓ
.

(2) Tail Bucket ℓ ≥ 𝐿: We merge all join results with score ℓ ≥ 𝐿 into a single tail bucket

B≥𝐿 =
⊔

ℓ≥𝐿 Bℓ . Since any 𝒖 ∈ B≥𝐿 has p(𝒖) ≤ 2
−𝐿 ≤ 1/| Join(𝑄) |, this combined bucket is a

light sub-instance (Lemma 2.3) with upper bound 𝑝+≥𝐿 = 2
−𝐿
.

Algorithm Overview.We apply Algorithm 3 to these 𝐿 + 1 sub-instances.

• Preprocessing phase: We compute the size |Bℓ | for each ℓ < 𝐿 to build the meta-index. For the

tail bucket B≥𝐿 , we do not maintain an exact count or index; we simply assign it a weight proxy

of 𝑁 𝜌∗
(an upper bound on join size) for the meta-index, or handle it via a fallback mechanism

since its selection probability is negligible.

• Query phase:We invoke Algorithm 3 with inputs {⟨Bℓ , p⟩ | ℓ < 𝐿} and the tail bucket.
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– If the meta-sampling selects a bucket Bℓ with ℓ < 𝐿, we use a specialized DirectAccess oracle
(described below) to retrieve a given index in Bℓ in 𝑂 (log𝑁 ) time.

– If the tail bucket B≥𝐿 is selected (which happens with very low probability), we materialize

the necessary results from B≥𝐿 on the fly to support the retrieval.

The challenge is to efficiently support DirectAccess for the buckets Bℓ (ℓ < 𝐿) without materializing

them. We next describe how this can be achieved.

Join Tree with Notations. As mentioned, any acyclic join 𝑄 has a join tree T such that (1) there

is a one-to-one correspondence between relations in 𝑄 and nodes in T , and (2) for each attribute

𝑥 , the set of nodes containing 𝑥 forms a connected subtree. With a slight abuse of notation, we

also use 𝑅𝑖 to denote the corresponding node in T for relation 𝑅𝑖 ∈ 𝑄 . For simplicity, we assume

the nodes in T are ordered by the in-order traversal. For node 𝑅𝑖 , let C𝑖 be the child nodes of 𝑅𝑖 if

𝑅𝑖 is not a leaf. For a node 𝑅 𝑗 ∈ C𝑖 , let 𝑅next( 𝑗 ) be the immediately next child node after 𝑅 𝑗 in C𝑖 .
For the largest child node 𝑅 𝑗∗ , we set next( 𝑗∗) = null. For node 𝑅𝑖 , we use parent(𝑖) to denote the

(unique) parent node of 𝑅𝑖 if 𝑅𝑖 is not the root. Let key(𝑖) = schema(𝑅𝑖 ) ∩ schema(𝑅parent(𝑖 ) ) be the
(common) join attributes between relation 𝑅𝑖 and its parent if 𝑅𝑖 is not the root. For the root node 𝑟 ,

key(𝑟 ) = ∅. For a node 𝑅𝑖 , let T𝑖 be the subtree rooted at node 𝑅𝑖 . For an arbitrary child 𝑅 𝑗 ∈ C𝑖 , we
define T 𝑗

𝑖
to be the subtree of T𝑖 that excludes any subtrees rooted at the child nodes in C𝑖 coming

before 𝑅 𝑗 , i.e., T 𝑗

𝑖
= T𝑖 \ ∪𝑅 𝑗 ′ ∈C𝑖 :𝑅 𝑗 ′≺𝑅 𝑗

T𝑗 ′ . For completeness, we also define T ∅
𝑖

= T𝑖 .
Data Structure. We first remove all dangling tuples from the database instance. For each relation

𝑅𝑖 ∈ 𝑄 , we store input tuples in a hash table, so that for any subset of attributes𝑈 ⊆ schema(𝑅𝑖 )
and a tuple 𝑡 ∈ dom(𝑈 ), we can get the list of tuples 𝑅𝑖 ⋉ 𝑡 in 𝑂 (1) time. We take an arbitrary join

tree T for 𝑄 and store the following statistics to augment T .
W-values. Consider any internal node 𝑅𝑖 ∈ 𝑄 . For each tuple 𝒖 ∈ 𝑅𝑖 , we store 𝐿 counters𝑊

𝑗

𝑖,𝒖 (ℓ)
with ℓ ∈ ⟦𝐿 − 1⟧ specifically for each child node 𝑅 𝑗 ∈ C𝑖 , where𝑊 𝑗

𝑖,𝒖 (ℓ) stores the number of join

results produced by relations in the subtree T 𝑗

𝑖
that is also participated by 𝒖, with score ℓ , i.e.,

𝑊
𝑗

𝑖,𝒖 (ℓ) =

������
𝒕 ∈ (Z𝑅ℎ∈T 𝑗

𝑖
𝑅ℎ) ⋉ 𝒖 :

∑︁
𝑅ℎ∈T 𝑗

𝑖

𝜙 (𝒕 [schema(𝑅ℎ)]) = ℓ


������ . (3)

Furthermore, we define and store𝑊 ∅
𝑖,𝒖 (ℓ), the number of join results produced by relations in

the subtree T𝑖 that is also participated by 𝒖, with score ℓ , by replacing T 𝑗

𝑖
in (3) with T ∅

𝑖
. For

completeness, for the largest child node 𝑅 𝑗∗ ∈ C𝑖 , we also define𝑊 next( 𝑗∗ )
𝑖,𝒖 (0) = 1 and𝑊

next( 𝑗∗ )
𝑖,𝒖 (ℓ) =

0 for every ℓ ∈ [𝐿]. Moreover, for each score ℓ ∈ ⟦𝐿 − 1⟧, and each child node 𝑅 𝑗 ∈ C𝑖 , we build a

prefix-sum array on ⟨𝑊 𝑗

𝑖,𝒖 (ℓ) : 𝒖 ∈ 𝑅𝑖⟩ under the pre-determined ordering of tuples in 𝑅𝑖 . For each

leaf node 𝑅𝑖 ∈ 𝑄 , we only store the counter𝑊 ∅
𝑖,𝒖 (ℓ) for each tuple 𝒖 ∈ 𝑅𝑖 .

M-values. For a non-root node 𝑅𝑖 , we compute the projection of 𝑅𝑖 onto key(𝑖), as 𝑅𝑖 [key(𝑖)].
For each tuple 𝒗 ∈ 𝑅𝑖 [key(𝑖)], we also compute 𝑀𝑖,𝒗 (0), 𝑀𝑖,𝒗 (1), . . . , 𝑀𝑖,𝒗 (𝐿 − 1): for ℓ ∈ ⟦𝐿 − 1⟧,
𝑀𝑖,𝒗 (ℓ) stores the sum of counters𝑊 ∅

𝑖,𝒖 (ℓ) over all tuples 𝒖 ∈ 𝑅𝑖 ⋉ 𝒗, i.e.,

𝑀𝑖,𝒗 (ℓ) =
∑︁

𝒖∈𝑅𝑖⋉𝒗
𝑊 ∅

𝑖,𝒖 (ℓ). (4)

3.3 Optimized Index – Preprocessing
We will show how to compute the statistics to build the desired index. The complete pseudocode is

provided in Algorithm 4. Below, we show the intuition in detail. Our preprocessing phase performs

computation in a bottom-up way. We note that𝑀-values are defined on top of𝑊 -values, hence for
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each node 𝑅𝑖 ∈ 𝑄 ,𝑀-values will be computed according to (4) straightforwardly once𝑊 -values

are well computed. Below, we focus on computing𝑊 -values.

Consider a leaf node 𝑅𝑖 . By definition of (3), we have𝑊 ∅
𝑖,𝒖 (𝜙 (𝒖)) = 1 and𝑊 ∅

𝑖,𝒖 (𝑙) = 0 for any

𝑙 ∈ ⟦𝐿 − 1⟧ \ {𝜙 (𝒖)}. Consider an internal node 𝑅𝑖 . Suppose𝑊 -values and 𝑀-values are well

defined for each child 𝑅 𝑗 ∈ C𝑖 . We next compute𝑊 -values for each tuple 𝒖 ∈ 𝑅𝑖 and each child

node 𝑅 𝑗 ∈ C𝑖 . More specifically, we compute𝑊
𝑗

𝑖,𝒖 in a decreasing ordering of nodes in C𝑖 . Recall that
for the largest child node 𝑅 𝑗∗ ∈ C𝑖 ,𝑊 𝑗∗

𝑖,𝒖 (0) = 1 and𝑊
𝑗∗

𝑖,𝒖 (ℓ) = 0 for ℓ ∈ [𝐿 − 1]. We next compute

𝑊
𝑗

𝑖,𝒖 (·), assuming𝑊
next( 𝑗 )
𝑖,𝒖 (·) has been computed. We distinguish the following two cases on the

score ℓ (recall that ℓ ∈ ⟦𝐿 − 1⟧):

• Case 1: ℓ < 𝜙 (𝒖). In this case,𝑊
𝑗

𝑖,𝒖 (ℓ) = 0 since any join result participated by 𝒖 has its score at

least 𝜙 (𝒖);
• Case 2: 𝜙 (𝒖) ≤ ℓ < 𝐿. First, the Cartesian product of join result in each subtree T𝑗 ′ rooted at any

child node 𝑅 𝑗 ′ ∈ C𝑖 coming no earlier than 𝑅 𝑗 , that can be joined with 𝒖, is essentially the join

result in T 𝑗

𝑖
that can be joined with 𝒖. We also need to take the scores into consideration—all

possible combinations of ⟨ℓ𝑗 ′ ∈ ⟦𝐿 − 1⟧ : 𝑅 𝑗 ′ ∈ C𝑖 , 𝑅 𝑗 ⪯ 𝑅 𝑗 ′⟩ with
∑

𝑅 𝑗 ′ ∈C𝑖 ℓ𝑗 ′ = ℓ − 𝜙 (𝒖). Each
combination will contribute

∏
𝑅 𝑗 ′ ∈C𝑖 :𝑅 𝑗 ⪯𝑅 𝑗 ′ 𝑀 𝑗 ′,𝒖 [key( 𝑗 ′ ) ] (ℓ𝑗 ′ ) to𝑊 𝑗

𝑖,𝒖 (ℓ). However, the number of

such combinations is as large as 𝑂 (𝐿𝑘 ), which translates to 𝑂 (log
𝑘 𝑁 ) time even for computing

a single𝑊 -value. A critical observation is that the products of𝑀-values over 𝑅 𝑗 ′ with 𝑅 𝑗 ≺ 𝑅 𝑗 ′

is actually captured by𝑊
next( 𝑗 )
𝑖,𝒖 , where 𝑅next( 𝑗 ) is the immediately next node of 𝑅 𝑗 in C𝑖 . Putting

these observations together, we obtain:

𝑊
𝑗

𝑖,𝒖 (ℓ) =
∑︁

⟨ℓ𝑗 ′ ∈⟦𝐿−1⟧:𝑅 𝑗 ′ ∈C𝑖 ,𝑅 𝑗 ⪯𝑅 𝑗 ′ ⟩:
ℓ−𝜙 (𝒖 )=∑𝑅𝑗 ′ ∈C𝑖 ℓ𝑗 ′

∏
𝑅 𝑗 ′ ∈C𝑖 :𝑅 𝑗 ⪯𝑅 𝑗 ′

𝑀 𝑗 ′,𝒖 [key( 𝑗 ′ ) ] (ℓ𝑗 ′ )

=
∑︁

(ℓ1,ℓ2 ) ∈⟦ℓ−𝜙 (𝒖 )⟧:
ℓ1+ℓ2=ℓ−𝜙 (𝒖 )

𝑀 𝑗,𝒖 [key( 𝑗 ) ] (ℓ1) ·
∑︁

⟨ℓ𝑗 ′ ∈⟦𝐿−1⟧:𝑅 𝑗 ′ ∈C𝑖 ,𝑅 𝑗 ≺𝑅 𝑗 ′ ⟩:
ℓ2=

∑
𝑅𝑗 ∈C𝑖 ℓ𝑗

∏
𝑅 𝑗 ′ ∈C𝑖 :𝑅 𝑗 ≺𝑅 𝑗 ′

𝑀 𝑗 ′,𝒖 [key( 𝑗 ′ ) ] (ℓ𝑗 ′ )

=
∑︁

(ℓ1,ℓ2 ) ∈⟦ℓ−𝜙 (𝒖 )⟧:
ℓ1+ℓ2=ℓ−𝜙 (𝒖 )

𝑀 𝑗,𝒖 [key( 𝑗 ) ] (ℓ1) ·𝑊 next( 𝑗 )
𝑖,𝒖 (ℓ2). (5)

Hence𝑊
𝑗

𝑖,𝒖 (ℓ) can computed by (5). At that point, the 𝑀-values for the child node 𝑅 𝑗 and the

𝑊 -values for the subsequent node 𝑅next( 𝑗 ) have already been computed. Note that𝑊 ∅
𝑖,𝒖 (ℓ) can be

computed similarly by (5):

𝑊 ∅
𝑖,𝒖 (ℓ) =

∑︁
(ℓ1,ℓ2 ) ∈⟦ℓ−𝜙 (𝒖 )⟧:
ℓ1+ℓ2=ℓ−𝜙 (𝒖 )

𝑀 𝑗◦,𝒖 [key( 𝑗◦ ) ] (ℓ1) ·𝑊 next( 𝑗◦ )
𝑖,𝒖 (ℓ2),

where 𝑅 𝑗◦ is the first node in C𝑖 .
To speed up the process, let’s fix a node 𝑅𝑖 ∈ 𝑄 , a tuple 𝒖 ∈ 𝑅𝑖 , and a child node 𝑅 𝑗 ∈ C𝑖

as an example. Now, we need to compute𝑊 ∅
𝑖,𝒖 (·) for 𝐿 different scores. There is a convolution

structure between𝑊
𝑗

𝑖,𝒖 (·),𝑀 𝑗,𝒖 [key( 𝑗 ) ] (·) and𝑊 next( 𝑗 )
𝑖,𝒖 (·), so we apply the Fast Fourier Transform

for computing these 𝐿 scores together. As we will show in the analysis of the preprocessing step,

this observation improves the preprocessing time from 𝑂 (𝑁𝐿2) to 𝑂 (𝑁𝐿 log𝐿) (Lemma 3.3).
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Algorithm 4: Preprocess(𝑄,T)
Input: Join tree T for 𝑄 , Relations {𝑅𝑖 }𝑅𝑖 ∈𝑄 .

1 foreach node 𝑅𝑖 ∈ T in bottom-up order do
2 if 𝑅𝑖 is a leaf node then
3 foreach tuple 𝒖 ∈ 𝑅𝑖 do
4 Set𝑊 ∅

𝑖,𝒖 (𝜙 (𝒖)) ← 1 and𝑊 ∅
𝑖,𝒖 (ℓ) ← 0 for ℓ ≠ 𝜙 (𝒖);

5 𝑀𝑖,𝒖 [key(𝑖 ) ] ← 𝑀𝑖,𝒖 [key(𝑖 ) ] +𝑊 ∅
𝑖,𝒖 ; // element-wise vector addition

6 else // 𝑅𝑖 is an internal node
7 foreach tuple 𝒖 ∈ 𝑅𝑖 do
8 Let 𝑅 𝑗∗ be the last child in C𝑖 ;
9 Set𝑊

next( 𝑗∗ )
𝑖,𝒖 (0) ← 1 and𝑊

next( 𝑗∗ )
𝑖,𝒖 (ℓ) ← 0 for ℓ > 0 ;

10 foreach child 𝑅 𝑗 ∈ C𝑖 in decreasing order do
11 Let 𝑅next( 𝑗 ) be the child immediately following 𝑅 𝑗 ;

12 foreach score ℓ ∈ ⟦𝐿 − 1⟧ do
13 if ℓ < 𝜙 (𝒖) then 𝑊

𝑗

𝑖,𝒖 (ℓ) ← 0;

14 else 𝑊
𝑗

𝑖,𝒖 (ℓ) ←
∑ℓ−𝜙 (𝒖 )

𝑘=0
𝑀 𝑗,𝒖 [key( 𝑗 ) ] (𝑘) ·𝑊 next( 𝑗 )

𝑖,𝒖 (ℓ − 𝜙 (𝒖) − 𝑘);

15 𝑀𝑖,𝒖 [key(𝑖 ) ] ← 𝑀𝑖,𝒖 [key(𝑖 ) ] +𝑊 ∅
𝑖,𝒖 ; // element-wise vector addition

16 foreach child 𝑅 𝑗 ∈ C𝑖 do
17 foreach 𝒗 ∈ 𝑅𝑖 [key(𝑖)] and ℓ ∈ ⟦𝐿 − 1⟧ do
18 Build prefix-sum array on ⟨𝑊 𝑗

𝑖,𝒖 (ℓ) : 𝒖 ∈ 𝑅𝑖 ⋉ 𝒗⟩;

After all𝑊 -values are computed, for each internal node 𝑅𝑖 ∈ 𝑄 with each child node 𝑅 𝑗 ∈ C𝑖 , each
value 𝒗 ∈ 𝑅𝑖 [key(𝑖)], and each score ℓ ∈ ⟦𝐿−1⟧, we build a prefix-sum array on ⟨𝑊 𝑗

𝑖,𝒖 (ℓ) : 𝒖 ∈ 𝑅𝑖⋉𝒗⟩
under the pre-determined ordering.

Lastly, we compute the bucket size |Bℓ | for each score ℓ ∈ ⟦𝐿 − 1⟧, which by definition can be

rewritten as |Bℓ | =
∑

𝒖∈𝑅𝑟 𝑊
∅
𝑟,𝒖 (ℓ) for the root node 𝑟 .

We briefly describe how to preprocess the data structures (see Appendix B for complete details).

We compute𝑊 /𝑀 values in a bottom-up way.𝑀-values will be computed according to (4) straight-

forwardly once𝑊 -values are well computed. Consider a leaf node 𝑅𝑖 , we have𝑊
∅
𝑖,𝒖 (𝜙 (𝒖)) = 1 and

𝑊 ∅
𝑖,𝒖 ( 𝑗) = 0 for any 𝑗 ∈ ⟦𝐿 − 1⟧ \ {𝜙 (𝒖)}. Consider an internal node 𝑅𝑖 . Suppose𝑊 -values and

𝑀-values are well defined for each child 𝑅 𝑗 ∈ C𝑖 . We compute𝑊
𝑗

𝑖,𝒖 in a decreasing ordering of

nodes in C𝑖 and follow a recursive structure. If ℓ < 𝜙 (𝒖),𝑊 𝑗

𝑖,𝒖 (ℓ) = 0, and otherwise,

𝑊
𝑗

𝑖,𝒖 (ℓ) =
∑︁

(ℓ1,ℓ2 ) ∈⟦ℓ−𝜙 (𝒖 )⟧:ℓ1+ℓ2=ℓ−𝜙 (𝒖 )
𝑀 𝑗,𝒖 [key( 𝑗 ) ] (ℓ1) ·𝑊 next( 𝑗 )

𝑖,𝒖 (ℓ2). (6)

Note that𝑊 ∅
𝑖,𝒖 (ℓ) can be computed similarly by resorting to the first child node. Importantly, the

computation of (6) can be sped up by Fast Fourier Transform [19, 20], and the whole computation

only takes𝑂 (𝑁𝐿 log𝐿) time. Lastly, the bucket size |Bℓ | for each score ℓ ∈ ⟦𝐿− 1⟧ can be rewritten

as |Bℓ | =
∑

𝒖∈𝑅𝑟 𝑊
∅
𝑟,𝒖 (ℓ) for the root node 𝑟 .

Lemma 3.3. Algorithm 4 runs 𝑂 (𝑁 log𝑁 log log𝑁 ) time, and uses 𝑂 (𝑁 log𝑁 ) space.
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Algorithm 5: RecursiveAccess(𝑖, 𝑗, 𝒗, ℓ, 𝜏)
Input: 𝑖, 𝑗 ∈ [𝑘] such that 𝑅 𝑗 ∈ C𝑖 , tuple 𝒗, score ℓ ∈ ⟦𝐿 − 1⟧, integer 𝜏 ∈ Z+.
Output: The 𝜏-th tuple in the join result of T 𝑗

𝑖
, with score ℓ , that can be joined with 𝒗.

1 𝒖 ← the smallest tuple in 𝑅𝑖 ⋉ 𝒗 such that

∑
𝒖′∈𝑅𝑖⋉𝒗:𝒖′⪯𝒖𝑊

𝑗

𝑖,𝒖′ (ℓ) ≥ 𝜏 ;
2 if 𝑅𝑖 is a leaf node then return 𝒖;

3 𝜏 ← 𝜏 −∑
𝒖′∈𝑅𝑖⋉𝒗:𝒖′≺𝒖𝑊

𝑗

𝑖,𝒖′ (ℓ) ;
4 Φ← {(ℓ1, ℓ2) ∈ ⟦ℓ⟧2

: ℓ1 + ℓ2 = ℓ − 𝜙 (𝒖)} in lexicographical ordering by (ℓ1, ℓ2) ;
5 (ℓ1, ℓ2) ← the smallest pair in Φ that

∑︁
(ℓ ′

1
,ℓ ′

2
) ∈Φ:(ℓ ′

1
,ℓ ′

2
)⪯ (ℓ1,ℓ2 )

𝑀 𝑗,𝒖 [key( 𝑗 ) ] (ℓ ′1) ·𝑊
next( 𝑗 )
𝑖,𝒖 (ℓ ′

2
) ≥ 𝜏 ;

6 𝜏 ← 𝜏 −
∑︁

(ℓ ′
1
,ℓ ′

2
) ∈Φ:(ℓ ′

1
,ℓ ′

2
)≺ (ℓ1,ℓ2 )

𝑀 𝑗,𝒖 [key( 𝑗 ) ] (ℓ ′1) ·𝑊
next( 𝑗 )
𝑖,𝒖 (ℓ ′

2
) ;

7 𝜏1 ←
⌈

𝜏

𝑊
next( 𝑗 )
𝑖,𝒖 (ℓ2)

⌉
, 𝜏2 ← ((𝜏 − 1) mod 𝑊

next( 𝑗 )
𝑖,𝒖 (ℓ2)) + 1 ;

8 𝒖1 ← RecursiveAccess( 𝑗, ∅, 𝒖, ℓ1, 𝜏1);
9 𝒖2 ← RecursiveAccess(𝑖, next( 𝑗), 𝒖, ℓ2, 𝜏2);

10 return 𝒖1 Z 𝒖 Z 𝒖2;

Proof of Lemma 3.3. For any relation 𝑅𝑖 , and for every tuple 𝒖 ∈ 𝑅𝑖 , we store𝑂 ( |𝐶𝑖 | ·𝐿) =𝑂 (𝐿)
different𝑊 values. So, in total, the space needed for storing all the𝑊 values is 𝑂 (𝑁𝐿). Moreover,

for each 𝒗 ∈ 𝑅𝑖 [key(𝑖)], we store 𝑂 (𝐿) different𝑀 values. So, in total, the space needed for storing

the𝑀 values is 𝑂 (𝑁𝐿). Hence, the overall space used is 𝑂 (𝑁𝐿) =𝑂 (𝑁 log𝑁 ).
To compute each 𝑊 value, we use Equation (6). Calculating each 𝑊 value by (6), needs a

summation of 𝑂 (𝐿) different terms, leading to an 𝑂 (𝑁𝐿2) overall running time for calculating

all the𝑊 values naively. To speed up the process, let’s fix a node 𝑅𝑖 ∈ 𝑄 , a tuple 𝒖 ∈ 𝑅𝑖 , and a

child node 𝑅 𝑗 ∈ C𝑖 as an example. Now, we need to compute𝑊
𝑗

𝑖,𝒖 (·) for 𝐿 different scores. There

is a convolution structure between𝑊
𝑗

𝑖,𝒖 (·), 𝑀 𝑗,𝒖 [key( 𝑗 ) ] (·) and𝑊 next( 𝑗 )
𝑖,𝒖 (·) in Equation (6), so we

can apply the Fast Fourier Transform for computing these 𝐿 scores together. This can improve

the 𝑂 (𝐿2) computations to 𝑂 (𝐿 log𝐿). More formally, consider the multiplication of two degree 𝐿

polynomials:

𝑝 (𝑥) =𝑀𝑗,𝒖 [key( 𝑗 ) ] (𝐿 − 1)𝑥𝐿−1 +𝑀 𝑗,𝒖 [key( 𝑗 ) ] (𝐿 − 2)𝑥𝐿−2 + · · · +𝑀 𝑗,𝒖 [key( 𝑗 ) ] (0)𝑥0,

and,

𝑞(𝑥) =𝑊
next( 𝑗 )
𝑖,𝒖 (𝐿 − 1)𝑥𝐿−1 +𝑊 next( 𝑗 )

𝑖,𝒖 (𝐿 − 2)𝑥𝐿−2 + · · · +𝑊 next( 𝑗 )
𝑖,𝒖 (0)𝑥0.

By Equation (6), notice that for all ℓ ∈ ⟦𝐿−1⟧, the value𝑊 𝑗

𝑖,𝒖 (ℓ) is equal to the coefficient of𝑥 ℓ−𝜙 (𝑢 )

in the polynomial 𝑝 (𝑥) ·𝑞(𝑥). Using the Fast Fourier Transform, we can calculate all the coefficients

of the degree 2𝐿 polynomial 𝑝 (𝑥) · 𝑞(𝑥) in 𝑂 (𝐿 log𝐿) time. Hence, for a fixed node 𝑅𝑖 ∈ 𝑄 , a tuple

𝒖 ∈ 𝑅𝑖 , and a child node 𝑅 𝑗 ∈ C𝑖 , we can find all the 𝐿 different𝑊
𝑗

𝑖,𝒖 (·) values in 𝑂 (𝐿 log𝐿) time.

Putting everything together, calculating all the𝑊 values takes𝑂 (𝑁𝐿 log𝐿) =𝑂 (𝑁 log𝑁 log log𝑁 ).
Having𝑊 -values, then calculating𝑀-values is straightforward using Equation (4) in 𝑂 (𝑁𝐿) total
time. Therefore, the overall running time of the preprocessing step is 𝑂 (𝑁 log𝑁 log log𝑁 ). □

3.4 Optimized Index – Direct Access
Our goal is to retrieve the 𝜏-th tuple from bucket Bℓ given score ℓ ∈ ⟦𝐿 − 1⟧ and rank 𝜏 ∈ [|Bℓ |].
To ensure the “𝜏-th” tuple is well-defined, we rely on the canonical lexicographic ordering of join
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results. This ordering is naturally induced by the fixed traversal order of relations in the join tree

T and the total ordering of tuples within each relation 𝑅𝑖 .

We present a general procedure RecursiveAccess(𝑖, 𝑗, 𝒗, ℓ, 𝜏), that returns the 𝜏-th tuple in the

join results of the relations in the subtree T 𝑗

𝑖
, with score ℓ , that can be joined with 𝒗 on its support

attributes. The original problem can be solved by invoking RecursiveAccess(𝑟, ∅, ∅, ℓ, 𝜏).
Algorithm 5 begins by identifying the specific tuple 𝒖 ∈ 𝑅𝑖 that participates in the target join

result. Line 1 performs a binary search on the prefix-sum stored over𝑊
𝑗

𝑖,∗ (ℓ) to locate the first

tuple 𝒖 where the cumulative count of join results in the subtree T 𝑖
𝑗 (with score ℓ) covers the rank

threshold 𝜏 . Line 3 then subtracts the contribution of tuples preceding 𝒖 from 𝜏 . This reduces the

problem to retrieving the (updated) 𝜏-th join result within the subtree T 𝑖
𝑗 specifically involving

𝒖. We then distinguish two cases. If 𝑅𝑖 is a leaf node, we simply return 𝒖. In the general case, we

decompose the retrieval into T𝑗 and T next( 𝑗 )
𝑖

based on the fact that T 𝑗

𝑖
= T𝑗

⊔ T next( 𝑗 )
𝑖

. The objective

is to determine the local indexes to query within these sub-problems. Recall that𝑊
𝑗

𝑖,𝒖 (ℓ) aggregates
disjoint contributions from score pairs (ℓ1, ℓ2) (Equation 6). The algorithm iterates through these

pairs in lexicographical order (Line 4) to find the specific pair (ℓ1, ℓ2) that covers the current rank
threshold 𝜏 (Line 5). After further adjusting 𝜏 to account for preceding pairs (Line 6), we effectively

map the remaining rank to indexes 𝜏1 and 𝜏2 within the Cartesian product of valid results from T𝑗
and T next( 𝑗 )

𝑖
(Line 7). Finally, we invoke the procedure recursively on T𝑗 and T next( 𝑗 )

𝑖
and combine

the returned results.

Correctness. To establish the correctness of Algorithm 5, we show that for DirectAccess (𝑆ℓ , 𝑗) in
Algorithm 3, Algorithm 5 returns the 𝜏-th tuple in Bℓ , according to a fixed total ordering of the

tuples in each bucket Bℓ . Recall from Section 2 that the actual ordering of the tuples is irrelevant, as

long as it is fixed. Since Algorithm 5 is deterministic, it suffices to prove that for any two distinct calls

of DirectAccess (𝑆ℓ̂ , 𝜏) and DirectAccess (𝑆ℓ̄ , 𝜏) in Algorithm 3, Algorithm 5 returns two distinct

tuples 𝒘̂ and 𝒘̄ from Join(𝑄). This is exactly proved by Lemma B.1 in Appendix B.

Complexity.We will analyze its cost step by step. Line 1 performs a binary search on the prefix-

sum tree for 𝑁 tuples, which takes 𝑂 (log𝑁 ) time. Line 3 can also be efficiently done through the

prefix-sum tree in𝑂 (log𝑁 ) time, since any prefix sum can be decomposed into𝑂 (log𝑁 ) canonical
nodes in this tree. Line 2 takes 𝑂 (1) time. Lines 5 - 6 take 𝑂 (𝐿) =𝑂 (log𝑁 ) time, since there are

at most 𝐿 pairs in Φ to be explored. Line 7 takes 𝑂 (1) time. Hence, all lines before the recursion

take 𝑂 (log𝑁 ) time. As there are at most 𝑘2
different combinations of (𝑖, 𝑗), and the recursion is

only invoked once for each combination of (𝑖, 𝑗), the total number of recursions is 𝑂 (𝑘2). As 𝑘 is a

constant, the total running time of Algorithm 5 is 𝑂 (log𝑁 ).
Now, we are ready to show the following theorem for our optimized index:

Theorem 3.4. Given an acyclic join instance𝑄 of 𝑘 relations, and a set of associated weight functions
{p𝑗 }𝑅 𝑗 ∈𝑄 , there exists an index D of size 𝑂 (𝑁 log𝑁 ) that can be built in 𝑂 (𝑁 log𝑁 log log𝑁 ) time,
such that each subset sampling query can be answered in 𝑂 (1 + 𝜇Ψ log𝑁 ) expected time.

Proof of Theorem 3.4. The preprocessing cost follows from Lemma 3.3. We focus on the query

answering time. In answering a subset sampling query, whenever some join result needs to be

retrieved from Bℓ , we distinguish the following two cases. If ℓ = 𝐿, we evaluate the full join results

in B≥𝐿 (if these join results have not been computed before) to support the direct access. Otherwise,

we call the RecursiveAccess procedure accordingly. For the first case, the expected cost is 𝑂 (1)
because there are at most 𝑂 (𝑁 𝜌∗ ) join results in B≥𝐿 that takes 𝑂 (𝑁 𝜌∗ ) time to materialize [5],

and the probability that at least a join result is retrieved from B≥𝐿 is at most 1 − (1 − 𝑝+
𝐿
) | B≥𝐿 | ≤
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1 − (1 − 1

𝑁 2𝜌∗ )𝑁
𝜌∗ ≤ 1

𝑁 𝜌∗ , since |B≥𝐿 | ≤ 𝑁 𝜌∗
, and 𝑝+

𝐿
≤ 1

2
𝐿 ≤ 1

𝑁 2𝜌∗ . Following Lemma 2.2 and the

runtime of Algorithm 5, the expected query answering time is 𝑂 (1 + 𝜇Ψ log𝑁 ). □

4 One-shot Subset Sampling over Joins
We observe that the data structure from Theorem 3.4 provides a baseline solution for the one-shot

problem. By constructing the index and issuing a single query, we can generate a subset sample in

𝑂 (𝑁 log𝑁 log log𝑁 + 𝜇Ψ log𝑁 ) expected time. In this section, we present a specialized algorithm

for the one-shot setting that runs in 𝑂 (𝑁 log
2 𝑁 + 𝜇Ψ) expected time. This approach improves

upon the baseline solution when the expected sample size is large (i.e., 𝜇Ψ ≫ 𝑁 ), as it eliminates

the logarithmic factor associated with 𝜇Ψ.

High-level Idea. We first keep all statistics computed in the preprocessing phase as in Section 3.2.

We conceptually partition the join results into buckets. Recall that the high-level idea of answering

one subset sampling query is to invoke Algorithm 3 on instances {⟨Bℓ , p⟩ : ℓ ∈ ⟦𝐿 − 1⟧} with
𝑝+ℓ = 2

−ℓ
, and ⟨⊔ℓ≥𝐿 Bℓ , 𝑝⟩ with 𝑝+

𝐿
= 2
−𝐿
. Whenever a join result needs to be retrieved from Bℓ , if

ℓ < 𝐿, we use the DirectAccess oracle to support the retrieval, and otherwise, we compute all the

results in

⊔
ℓ≥𝐿 Bℓ to support the retrieval. In the first case, whenever the DirectAccess oracle on

bucket Bℓ with ℓ < 𝐿 is invoked, it pays 𝑂 (log𝑁 ) time for each retrieval. To overcome this barrier

in the query time, we need to compute additional statistics. Careful inspection of Algorithm 5

reveals that the 𝑂 (log𝑁 ) cost comes from the binary search in Line 1 and the exhaustive search in

Line 5. A natural idea is to precompute all these statistics. Consider an arbitrary relation 𝑅𝑖 ∈ 𝑄
with an arbitrary child node 𝑅 𝑗 ∈ C𝑖 . For every score ℓ ∈ ⟦𝐿 − 1⟧, and every tuple 𝒗 ∈ 𝑅𝑖 [key(𝑖)],
we compute an array 𝑋𝑖, 𝑗,𝒗,ℓ of size |𝑅𝑖 ⋉ 𝒗 |, where for every tuple 𝒖 ∈ 𝑅𝑖 ⋉ 𝒗,

𝑋𝑖, 𝑗,𝒗,ℓ (𝒖) =
∑︁

𝒖′∈𝑅𝑖⋉𝒗, 𝒖′⪯𝒖
𝑊

𝑗

𝑖,𝒖′ (ℓ).

Next, for every score ℓ ∈ ⟦𝐿− 1⟧ and every tuple 𝒖 ∈ 𝑅𝑖 , we compute an array 𝑌𝑖, 𝑗,𝒖,ℓ of size at most

𝐿, where for every pair (ℓ1, ℓ2) ∈ ⟦ℓ⟧2
with ℓ1 + ℓ2 = ℓ − 𝜙 (𝒖), in lexicographically sorted order,

𝑌𝑖, 𝑗,𝒖,ℓ (ℓ1, ℓ2) =
∑︁

(ℓ ′
1
,ℓ ′

2
) ∈⟦ℓ⟧:(ℓ ′

1
,ℓ ′

2
)⪯ (ℓ1,ℓ2 ),ℓ ′

1
+ℓ ′

2
=ℓ−𝜙 (𝒖 )

𝑀 𝑗,𝒖 [key( 𝑗 ) ] (ℓ ′1) ·𝑊
next( 𝑗 )
𝑖,𝒖 (ℓ ′

2
).

We note that by constructing 𝑋 and 𝑌 arrays, we do not define a new index for subset sampling

over joins. Instead, these statistics are computed when answering one-shot subset sampling query.

Each invocation of Algorithm 5 is identified by a quintuple (𝑖, 𝑗, 𝒗, ℓ, 𝜏) as its input. The high-level
idea is to maintain the list of quintuples (𝑖, 𝑗, 𝒗, ℓ, 𝜏) on which we will invoke Algorithm 5, and

run multiple invocations of Algorithm 5 together by merging certain operations. We group these

quintuples by (𝑖, 𝑗, 𝒗, ℓ), where quintuples inside each group only have different 𝜏-values sorted

by 𝜏 in increasing order. We maintain the set of quintuples P𝑖, 𝑗 we should satisfy in each call of

Algorithm 5. For a node 𝑅𝑖 and 𝑅 𝑗 ∈ C𝑖 ∪ {∅}, P𝑖, 𝑗 is defined as the parameter set of all invocations

of Algorithm 5 on (𝑖, 𝑗). Initially, for each requestDirectAccess (𝑆ℓ , 𝜏) issued in Algorithm 3, we add

a quintuple (𝑟, ∅, ∅, ℓ, 𝜏) to P𝑟,∅ , where 𝑅𝑟 is the root node. Below, we describe a general procedure
BatchRecursiveAccess(𝑖, 𝑗,P𝑖, 𝑗 ). The new algorithm executes the same steps as in Algorithm 5,

but it computes all smallest tuples 𝒖 and pairs (ℓ1, ℓ2) for all quintuples simultaneously.

BatchRecursiveAccess(𝑖, 𝑗,P𝑖, 𝑗 ): This procedure takes as input a node 𝑅𝑖 ∈ 𝑄 with a child node

𝑅 𝑗 ∈ C𝑖 , and the set of quintuples P𝑖, 𝑗 . The output will be exactly the collection of tuples returned

by Algorithm 5 for each invocation parameterized by quintuple (𝑖, 𝑗, 𝒗, ℓ, 𝜏) ∈ P𝑖, 𝑗 . The pseudocode
is shown in Algorithm 6.

We first sort P𝑖, 𝑗 based on 𝜏 using the Radix sort algorithm [20]. Since 𝜏 is polynomially bounded

in 𝑁 , using radix sort saves a factor of log𝑁 in the sorting time. Then we group P𝑖, 𝑗 by the
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Algorithm 6: BatchRecursiveAccess(𝑖, 𝑗,P𝑖, 𝑗 )
1 U ← ∅;
2 Sort P𝑖, 𝑗 by 𝜏 using Radix sort;
3 Group P𝑖, 𝑗 further by (𝑖, 𝑗, 𝒗, ℓ) creating groups P𝑖, 𝑗,𝒗,ℓ using the sorted order by P𝑖, 𝑗 ;
4 for ℓ ∈ ⟦𝐿 − 1⟧ do
5 for each (𝑖, 𝑗, 𝒗, ℓ, 𝜏) ∈ P𝑖, 𝑗,𝒗,ℓ in sorted order do
6 𝒖 ← first tuple in 𝑋𝑖, 𝑗,𝒗,ℓ ;

7 while 𝑋𝑖, 𝑗,𝒗,ℓ (𝒖) < 𝜏 do 𝒖 ← next tuple in 𝑋𝑖, 𝑗,𝒗,ℓ ;

8 if 𝑅𝑖 is a leaf node then Add 𝒖 as ®𝒖 (𝑖, 𝑗, 𝒗, ℓ, 𝜏) toU;

9 P𝑖, 𝑗 ← (P𝑖, 𝑗 − {(𝑖, 𝑗, 𝒗, ℓ, 𝜏)}) ∪ {(𝑖, 𝑗, 𝒖, ℓ, 𝜏 − 𝑋𝑖, 𝑗,𝒗,ℓ (prev(𝒖)))};

10 if 𝑅𝑖 is a leaf node then returnU;

11 Sort P𝑖, 𝑗 by 𝜏 using Radix sort;
12 Group P𝑖, 𝑗 further by (𝑖, 𝑗, 𝒗, ℓ) creating groups P𝑖, 𝑗,𝒗,ℓ using the sorted order by P𝑖, 𝑗 .;
13 P𝑗,∅ ← ∅,P𝑖,next( 𝑗 ) ← ∅;
14 for ℓ ∈ ⟦𝐿 − 1⟧ do
15 for each (𝑖, 𝑗, 𝒖, ℓ, 𝜏) ∈ P𝑖, 𝑗,𝒖,ℓ in sorted order do
16 (ℓ1, ℓ2) ← first pair in 𝑌𝑖, 𝑗,𝒖,ℓ ;

17 while 𝑌𝑖, 𝑗,𝒗,ℓ ((ℓ1, ℓ2)) < 𝜏 do (ℓ1, ℓ2) ← the next pair in 𝑌𝑖, 𝑗,𝒖,ℓ ;

18 Compute 𝜏1, 𝜏2 based on ℓ1, ℓ2 according to Line 7 of Algorithm 5;

19 P𝑗,∅ ← P𝑗,∅ ∪ {( 𝑗, ∅, 𝒖, ℓ1, 𝜏1)};
20 P𝑖,next( 𝑗 ) ← P𝑖,next( 𝑗 ) ∪ {(𝑖, next( 𝑗), 𝒖, ℓ2, 𝜏2)};

21 U ←U ∪ BatchRecursiveAccess( 𝑗, ∅,P𝑗,∅);
22 U ←U ∪ BatchRecursiveAccess(𝑖, next( 𝑗),P𝑖,next( 𝑗 ) );
23 for (𝑖, 𝑗, 𝒖, ℓ, 𝜏) ∈ P𝑖, 𝑗 do
24 ®𝒖 (𝑖, 𝑗, 𝒖, ℓ, 𝜏) ← ®𝒖 ( 𝑗, ∅, 𝒖, ℓ1, 𝜏1) Z 𝒖 Z ®𝒖 (𝑖, next( 𝑗), 𝒖, ℓ2, 𝜏2);

// ℓ1, ℓ2, 𝜏1, 𝜏2 are computed in Lines 17 and 18 above

25 Add ®𝒖 (𝑖, 𝑗, 𝒖, ℓ, 𝜏) toU;

26 returnU;

different (𝑖, 𝑗, 𝒗, ℓ) creating the groups P𝑖, 𝑗,𝒗,ℓ . We notice that all quintuples in each P𝑖, 𝑗,𝒗,ℓ are
sorted by 𝜏 using the sorted ordering of P𝑖, 𝑗 . The goal is to compute the smallest tuple 𝒖 for each

quintuple, as in Line 1 of Algorithm 5. For every score ℓ ∈ ⟦𝐿 − 1⟧, we consider every quintuple

(𝑖, 𝑗, 𝒗, ℓ, 𝜏) ∈ P𝑖, 𝑗,𝒗,ℓ following the sorted order. We traverse table 𝑋𝑖, 𝑗,𝒗,ℓ until we get the first tuple

𝒖 such that𝑋𝑖, 𝑗,𝒗,ℓ (𝒖) ≥ 𝜏 . We also update the quintuple (𝑖, 𝑗, 𝒗, ℓ, 𝜏) to (𝑖, 𝑗, 𝒗, ℓ, 𝜏 −𝑋𝑖, 𝑗,𝒗,ℓ (prev(𝒖)))
as in Line 3 of Algorithm 5. If 𝑅𝑖 is a leaf node we return all smallest tuples 𝒖 we computed from

every quintuple in P𝑖, 𝑗 . For later reference, we denote the returned tuple 𝒖 for the quintuple

(𝑖, 𝑗, 𝒗, ℓ, 𝜏) as ®𝒖 (𝑖, 𝑗, 𝒗, ℓ, 𝜏).
Then we proceed in a similar manner to compute the pairs (ℓ1, ℓ2). We sort (the updated) P𝑖, 𝑗

by 𝜏 using the Radix sort algorithm. Then we group P𝑖, 𝑗 by the different (𝑖, 𝑗, 𝒗, ℓ) creating the

groups P𝑖, 𝑗,𝒗,ℓ . The goal is to compute the smallest pair (ℓ1, ℓ2) for each quintuple, as in Line 5 of

Algorithm 5. For every score ℓ ∈ ⟦𝐿−1⟧we consider every quintuple (𝑖, 𝑗, 𝒗, ℓ, 𝜏) ∈ P𝑖, 𝑗,𝒗,ℓ following
the sorted order. We traverse table𝑌𝑖, 𝑗,𝒗,ℓ until we get the first pair (ℓ1, ℓ2) such that𝑌𝑖, 𝑗,𝒗,ℓ (ℓ1, ℓ2) ≥ 𝜏 .
We compute 𝜏1, 𝜏2 as in Line 7 of Algorithm 5. Furthermore, we add the quintuple ( 𝑗, ∅, 𝒖, ℓ1, 𝜏1) to
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the (initially empty) set P𝑗,∅ and add the quintuple (𝑖, next( 𝑗), 𝒖, ℓ2, 𝜏2) in the (initially empty) set

P𝑖,next( 𝑗 ) . Notice that these sets are used as input to the next callsBatchRecursiveAccess( 𝑗, ∅,P𝑗,∅)
and BatchRecursiveAccess(𝑖, next( 𝑗),P𝑖,next( 𝑗 ) ) as in Lines 8 and 9 of Algorithm 5.

Now, we will generate tuples to be returned for quintuples in P𝑖, 𝑗 . Suppose the sets of tuples
returned by the two recursive invocations are available. For every quintuple (𝑖, 𝑗, 𝒗, ℓ, 𝜏) ∈ P𝑖, 𝑗 , let
®𝒖 ( 𝑗, ∅, 𝒖, ℓ1, 𝜏1) be the tuple returned for the quintuple ( 𝑗, ∅, 𝒖, ℓ1, 𝜏1) ∈ P𝑗,∅ , and ®𝒖 (𝑖, next( 𝑗), 𝒖, ℓ2, 𝜏2)
be the tuple returned for the quintuple (𝑖, next( 𝑗), 𝒖, ℓ2, 𝜏2) ∈ P𝑖,next( 𝑗 ) , We simply join tuple

®𝒖 ( 𝑗, ∅, 𝒖, ℓ1, 𝜏1), and tuple ®𝒖 (𝑖, next( 𝑗), 𝒖, ℓ2, 𝜏2) together with tuple 𝒖 to form the tuple ®𝒖 (𝑖, 𝑗, 𝒖, ℓ, 𝜏).
Finally, we will return all tuples for each quintuple (𝑖, 𝑗, 𝒗, ℓ, 𝜏) ∈ P𝑖, 𝑗 .

Theorem 4.1. For an acyclic join instance 𝑄 of size 𝑁 , and a set of associated weight functions
{p𝑗 }𝑅 𝑗 ∈𝑄 , there exists an algorithm that returns one subset sample of the instance Ψ = ⟨Join(𝑄), p⟩ in
𝑂

(
min

{
𝑁 log𝑁 log log𝑁 + 𝜇Ψ log𝑁, 𝑁 log

2 𝑁 + 𝜇Ψ
})

expected time.

Proof of Theorem 4.1. The correctness follows from that of Algorithm 5, since we exactly sim-

ulate the execution of all invocations of Algorithm 5. The data statistics inherited from Theorem 3.4

can be computed in 𝑂 (𝑁 log𝑁 log log𝑁 ) time. All 𝑋 -arrays can be computed in 𝑂 (𝑁 log𝑁 ) time

since for every 𝒖 ∈ 𝑅𝑖 there is a unique 𝒗 ∈ 𝑅𝑖 [key(𝑖)] such that 𝒖 ∈ 𝑅𝑖 ⋉ 𝒗. All 𝑌 -arrays can be

computed in𝑂 (𝑁 log
2 𝑁 ) time, since there are𝑂 (𝑁 log𝑁 ) arrays and each array has size𝑂 (log𝑁 ).

Using the precomputed𝑀 and𝑊 statistics, every value in every 𝑌 array is computed in 𝑂 (1) time.

We fix a table 𝑅𝑖 and one of its children 𝑅 𝑗 in T . Since |P𝑖, 𝑗 | = 𝑂 (1 + 𝜇Ψ), Radix sort runs in

𝑂 (𝑁 + 𝜇Ψ) expected time. To compute the smallest tuple 𝒖 for each quintuple in P𝑖, 𝑗,𝒗,ℓ , we iterate
over all quintuples in P𝑖, 𝑗,𝒗,ℓ and traverse 𝑋𝑖, 𝑗,𝒗,ℓ once, in the worst case. Since for every 𝒖 ∈ 𝑅𝑖
there is a unique 𝒗 with 𝒖 ∈ 𝑅𝑖 ⋉ 𝒗 and every quintuple in P𝑖, 𝑗 belongs to a unique group P𝑖, 𝑗,𝒗,ℓ ,
we have

∑
ℓ ( |𝑋𝑖, 𝑗,𝒗,ℓ | + |P𝑖, 𝑗,𝒗,ℓ |) =𝑂 (𝑁 log𝑁 + 𝜇Ψ). Similarly, computing all pairs (ℓ1, ℓ2) requires

a single pass over all quintuples in each P𝑖, 𝑗,𝒖,ℓ and all 𝑌 tables. Since there are 𝑂 (𝑁 log𝑁 ) tables
𝑌 of size 𝑂 (log𝑁 ), the total cost is 𝑂 (𝑁 log

2 𝑁 + 𝜇Ψ) expected time. The number of nodes in T is

𝑘 =𝑂 (1) and every node has𝑂 (1) children, so, overall, the running time of the one-shot algorithm

is 𝑂 (𝑁 log
2 𝑁 + 𝜇Ψ) expected time. □

5 Dynamic Subset Sampling over Joins
In this section, we move to the dynamic setting, where tuples are inserted one by one. We first

adapt the techniques of [23] to directly extend our non-optimal (static) index from Theorem 3.2

to a dynamic variant that maintains an approximate DirectAccess index. We then introduce new

techniques and ideas to extend our optimized static index from Theorem 3.4 to the dynamic setting.

Throughout, we assume that, for each relation, tuples are ordered by their insertion timestamps.

5.1 Basic Index
The high-level idea is to approximately maintain the static index presented in Section 3. However, as

pointed out by [23], evenmaintaining the join size for line-3 join𝑄 = {𝑅1 (𝑋,𝑌 ), 𝑅2 (𝑌, 𝑍 ), 𝑅3 (𝑍,𝑊 )}
requires at least Ω(

√
𝑁 ) time for each insertion, which is too costly in the streaming setting. Hence,

we follow the approach proposed by [23] by maintaining an approximate DirectAccess index more

efficiently while not sacrificing the overall sampling efficiency asymptotically. We first define the

delta query Δ Join(𝑄, 𝒖) as the set of new join results generated when tuple 𝒖 is inserted into a

relation of𝑄 . Formally, if 𝒖 is inserted into 𝑅𝑖 , Δ Join(𝑄, 𝒖) = Join(𝑄 \ {𝑅𝑖 } ∪ {𝑅𝑖 ∪ {𝒖}}) \ Join(𝑄).

Theorem 5.1 ([23]). Given an initially empty acyclic join 𝑄 , we can maintain an index L on 𝑄 that
supports the following operations:
• When a tuple 𝑡 is added to 𝑄 , L can be updated in amortized 𝑂 (log𝑁 ) time.
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• The index defines an array 𝐽 ⊇ Join(𝑄) where the tuples in Join(𝑄) are the real tuples and the
others are dummy. The index can return |𝐽 | in 𝑂 (1) time. For any given 𝑗 ∈ [|𝐽 |], it returns 𝐽 [ 𝑗] in
𝑂 (log𝑁 ) time. Furthermore, 𝐽 is guaranteed to be 𝜆-dense3 for some constant probability 0 < 𝛾 ≤ 1.
• The above also holds when Join(𝑄) is replaced by the delta query Δ Join(𝑄, 𝒖) for any 𝒖 ∉ 𝑄 .
where 𝑁 is the total number of insertions, but the index does not need the knowledge of 𝑁 in advance.

Using Theorem 5.1, we derive a simple dynamic algorithm by adapting the framework from

Section 3.1. As in Section 3.1, we define (𝐿 + 1)𝑘 sub-instances 𝑄𝒋 for 𝒋 ∈ ⟦𝐿⟧𝑘 . In the dynamic

setting, we maintain a dynamic index L𝒋 (as described in Theorem 5.1) for each sub-instance 𝑄𝒋 .

When a tuple 𝑡 is inserted into relation 𝑅𝑖 , we first determine its bucket index 𝑎 such that 𝑡 ∈ 𝑅 ⟨𝑎⟩
𝑖

.

This tuple 𝑡 participates in (𝐿 + 1)𝑘−1
sub-instances. We update the corresponding (𝐿 + 1)𝑘−1

indexes. Since each update takes 𝑂 (log𝑁 ) time amortized, the total amortized update time is

𝑂 (𝐿𝑘−1
log𝑁 ). To answer a subset sampling query, we use the batched rejection sampling strategy.

For each sub-instance 𝑄𝒋 , the index L𝒋 provides the size of the implicit array |𝐽𝒋 |. We use |𝐽𝒋 | as an
upper bound on the size of the sub-join to define the meta-sampling probability q(𝒋). Suppose a
sub-instance 𝑄𝒋 is selected and the algorithm needs to retrieve the tuple 𝑢 = 𝐽𝒋 [𝑧]. If 𝑢 is a dummy

tuple (which happens with probability at most 1 − 𝛾 ) we reject it. If 𝑢 is real, we proceed with the

standard rejection check based on its weight. Since 𝛾 is a constant, the expected query time remains

asymptotically the same as the static case.

Corollary 5.2. Given an acyclic join instance𝑄 consisting of 𝑘 relations, and a set of associated weight
functions {p𝑗 }𝑅 𝑗 ∈𝑄 , we can maintain a dynamic index under tuple insertions using 𝑂 (𝑁 log

𝑘−1 𝑁 )
space, with amortized update time 𝑂 (log

𝑘 𝑁 ), while supporting answering the subset sampling query
in 𝑂 (1 + 𝜇Ψ log𝑁 ) expected time, where 𝑁 is the total number of insertions.

5.2 Optimized Dynamic Index for Subset Sampling over Joins
To improve both space and update time, we adapt the optimized index from Section 3.2 to the

dynamic setting. This adaptation is nontrivial, since the index in Section 3.2 is inherently static and

therefore requires new ideas. Rather thanmaintaining disjoint indexes for every bucket combination,

we maintain the aggregated statistics (the𝑊 and 𝑀 values) directly. Because maintaining exact

counts is too costly, we instead store approximate statistics, rounded up to the next power of 2.

For each relation 𝑅𝑖 ∈ 𝑄 , each child node 𝑅 𝑗 ∈ C𝑖 , and each tuple 𝒖 ∈ 𝑅𝑖 , we maintain an upper

bound 𝑊̃
𝑗

𝑖,𝒖 (ℓ) on𝑊
𝑗

𝑖,𝒖 (ℓ). Similarly, for each non-root node 𝑅𝑖 , tuple 𝒗 ∈ 𝑅𝑖 [key(𝑖)], and score

ℓ ∈ ⟦𝐿 − 1⟧, we maintain 𝑀̂𝑖,𝒗 (ℓ) as the sum of the approximate counters:

𝑀̂𝑖,𝒗 (ℓ) =
∑︁

𝒖∈𝑅𝑖⋉𝒗
𝑊̃ ∅

𝑖,𝒖 (ℓ), (7)

and use it to compute the upper bound 𝑀̃𝑖,𝒗 (ℓ) = 2
⌈log 𝑀̂𝑖,𝒗 (ℓ )⌉

. Consider a leaf node 𝑅𝑖 . As C𝑖 = ∅,
we have 𝑊̃ ∅

𝑖,𝒖 (ℓ) = 1 if ℓ = 𝜙 (𝒖), and 𝑊̃ ∅
𝑖,𝒖 (ℓ) = 0 otherwise. Consider an internal node 𝑅𝑖 . Suppose

𝑊̃ and 𝑀̃-values have been computed for each child node 𝑅 𝑗 ∈ C𝑖 . We compute 𝑊̃
𝑗

𝑖,𝒖 in a decreasing

ordering of nodes in C𝑖 . Let 𝑅next( 𝑗 ) ∈ C𝑖 be the immediate next sibling of 𝑅 𝑗 .

𝑊̃
𝑗

𝑖,𝒖 (ℓ) =
∑︁

(ℓ1,ℓ2 ) ∈⟦ℓ−𝜙 (𝒖 )⟧:ℓ1+ℓ2=ℓ−𝜙 (𝒖 )
𝑀̃ 𝑗,𝒖 [key( 𝑗 ) ] (ℓ1) · 𝑊̃ next( 𝑗 )

𝑖,𝒖 (ℓ2). (8)

Also, we define 𝑊̃
next( 𝑗∗ )
𝑖,𝒖 (0) = 1 and 𝑊̃

next( 𝑗∗ )
𝑖,𝒖 (ℓ) = 0 for ℓ > 0 for the largest child node 𝑅 𝑗∗ ∈ C𝑖 .

3
A stream 𝑆 = ⟨𝑥1, 𝑥2, . . . , 𝑥𝑛 ⟩ is 𝜆-dense for 0 < 𝜆 ≤ 1, if 𝑟𝑖 ≥ 𝜆 · (𝑖 − 1) for all 𝑖 , where 𝑟𝑖 is the number of real

(non-dummy) items in the first 𝑖 − 1 items.
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Algorithm 7: Update(𝑖, 𝒗, ℓ,Δ)
Input: 𝑖 ∈ [𝑘], tuple 𝒗 ∈ dom(key(𝑖)), score ℓ , and 𝑊̃ ∅

𝑖,𝒖 (ℓ) increased by Δ for 𝒖 ∈ 𝑅𝑖 ⋉ 𝒗.

1 Update the prefix-sum tree built for {𝑊̃ ∅
𝑖,𝒖′ (ℓ) : 𝒖′ ∈ 𝑅𝑖 , 𝒖′ [key(𝑖)] = 𝒖 [key(𝑖)]};

2 𝑀̂𝑖,𝒗 (ℓ) ← 𝑀̂𝑖,𝒗 (ℓ) + Δ;
3 𝑀̃𝑖,𝒗 (ℓ) ← 2

⌈log 𝑀̂𝑖,𝒗 (ℓ )⌉
;

4 if 𝑀̃𝑖,𝒗 (ℓ) changes and parent(𝑖) ≠ null then
5 𝑝 ← parent(𝑖);
6 foreach tuple 𝒖 ∈ 𝑅𝑝 ⋉ 𝒗 do
7 Compute 𝑊̃

𝑗
𝑝,𝒖 (ℓ ′) for each score ℓ ′ ∈ ⟦𝐿 − 1⟧ and 𝑅 𝑗 ∈ C𝑝 according to (8);

8 foreach ℓ ′ ∈ ⟦𝐿 − 1⟧ do
9 if 𝑊̃ ∅

𝑝,𝒖 (ℓ ′) is increased (by Δ′) then Update(𝑝, 𝒖 [key(𝑝)], ℓ ′,Δ′);

We point out that 𝑊̃
𝑗

𝑖,𝒖 (ℓ) (resp. 𝑀̃𝑖,𝒗 (ℓ)) is a constant-approximation of𝑊
𝑗

𝑖,𝒖 (ℓ) (resp.𝑀𝑖,𝒗 (ℓ)).
For each score ℓ ∈ ⟦𝐿 − 1⟧, and each child node 𝑅 𝑗 ∈ C𝑖 , we maintain a dynamic prefix-sum tree

on the values 𝑊̃
𝑗

𝑖,𝒖 (ℓ) over all tuples 𝒖 ∈ 𝑅𝑖 under the pre-determined ordering. This allows us to

support point updates and prefix sum queries in 𝑂 (log𝑁 ) time.

Update Procedure. When a new tuple 𝒖 is inserted into relation 𝑅𝑖 , we first initialize its local

statistics. If 𝑅𝑖 is a leaf node, 𝑊̃
∅
𝑖,𝒖 (ℓ) = 1 if ℓ = 𝜙 (𝒖) and 𝑊̃ ∅

𝑖,𝒖 (ℓ) = 0 otherwise. If 𝑅𝑖 is an inter-

nal node, we compute 𝑊̃ ∅
𝑖,𝒖 (ℓ) for all score ℓ ∈ ⟦𝐿 − 1⟧ via Equation (8), which takes 𝑂 (𝐿 log𝐿)

time using FFT. After initializing 𝒖, we must update the statistics in the parent node. Specifi-

cally, inserting 𝒖 increases 𝑀̂𝑖,𝒗 (ℓ) =
∑

𝒖′∈𝑅𝑖⋉𝒗 𝑊̃
∅
𝑖,𝒖′ (ℓ) for 𝒗 = 𝒖 [key(𝑖)]. We update 𝑀̂𝑖,𝒗 (ℓ) and

check if 𝑀̃𝑖,𝒗 (ℓ) changes. If 𝑀̃𝑖,𝒗 (ℓ) changes, we must propagate this change to the parent rela-

tion 𝑅parent(𝑖 ) . This propagation is described in Algorithm 7. When a tuple 𝒖 is inserted into a

leaf 𝑅𝑖 , we just invoke Update(𝑖, 𝒖 [key(𝑖)], 𝜙 (𝒖), 1). If it is inserted in an inner node we invoke

Update(𝑖, 𝒖 [key(𝑖)], ℓ,𝑊̃ ∅
𝑖,𝒖 (ℓ)) for every ℓ ∈ ⟦𝐿 − 1⟧.

Complexity Analysis. The update cost is dominated by the propagation of changes. Note that

𝑀̃𝑖,𝒗 (ℓ) is an upper bound that increases at most 𝑂 (log𝑁 ) times for any fixed 𝑖, 𝒗, ℓ , since 𝑀̃𝑖,𝒗 (ℓ)
only increases if 𝑀̂𝑖,𝒗 (ℓ) gets doubled. When 𝑀̃𝑖,𝒗 (ℓ) changes, we perform convolution operations

for tuples in the parent node that can be joined with 𝒗. Since 𝐿 =𝑂 (log𝑁 ), the convolution takes

𝑂 (𝐿 log𝐿) time. We show that the total number of times 𝑀̃ values change across the entire stream

of length 𝑁 is bounded as 𝑂 (𝑁𝐿 log𝑁 ). So, the amortized update time is 𝑂 (𝐿2
log𝑁 log𝐿) =

𝑂 (log
3 𝑁 log log𝑁 ). The space complexity remains 𝑂 (𝑁𝐿) =𝑂 (𝑁 log𝑁 ).

Query Procedure. The query procedure follows the optimized strategy from Section 3.2, invoking

Algorithm 3 on the score buckets Bℓ (for ℓ < 𝐿) and the tail bucket B≥𝐿 . To retrieve the 𝜏-th tuple

from a selected bucket, we employ a modified version of Algorithm 5 that traverses the approximate

statistics 𝑊̃ and 𝑀̃ . As discussed in Section 5.1, since these statistics are upper bounds, the index

implicitly defines a superset of the join results containing “dummy” tuples. If the retrieved tuple is a

dummy, we reject it. Since 𝑊̃ is a constant-factor approximation of𝑊 , the probability of drawing a

real tuple is at least 2
−𝑐

for some constant 𝑐 . Consequently, sampling 𝜒 tuples takes 𝑂 (𝜒) expected
time, and the overall expected query time remains 𝑂 (1 + 𝜇Ψ log𝑁 ).

Theorem 5.3. Given an acyclic join instance𝑄 consisting of 𝑘 relations, and a set of associated weight
functions {p𝑗 }𝑅 𝑗 ∈𝑄 , we can maintain a dynamic index under tuple insertions using 𝑂 (𝑁 log𝑁 ) space,
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with amortized update time of 𝑂 (log
3 𝑁 log log𝑁 ), while supporting answering the subset sampling

query in 𝑂 (1 + 𝜇Ψ log𝑁 ) expected time, where 𝑁 is the total number of insertions.

Proof of Theorem 5.3. We first show that all values of 𝑊̃ , 𝑀̂ , and 𝑀̃ are correctly updated.

Wlog, assume that all values of 𝑊̃ , 𝑀̃ , and 𝑀̂ are correct in the subtree T𝑖 up to the moment when

Update(𝑖, 𝒗, ℓ,Δ) is invoked for the first time at a node 𝑅𝑖 located at level ℎ of T . Let Δ denote

the correct increment to 𝑀̂𝑖,𝒗 (ℓ). We distinguish two cases. If 𝑀̃𝑖,𝒗 (ℓ) does not change, then by

Equation (8), no value 𝑊̃ needs to be updated in any ancestor of 𝑅𝑖 . Since 𝑊̃ remains unchanged,

all corresponding 𝑀̂ values on the ancestors of 𝑅𝑖 also remain unchanged. Therefore, no further

updates are required. Otherwise, suppose that 𝑀̃𝑖,𝒗 (ℓ) changes. We then recompute all values

𝑊̃
𝑗
𝑝,𝒖 (ℓ ′) according to Equation (8) (Algorithm 7, line 7). If a value 𝑊̃

𝑗
𝑝,𝒖 (ℓ ′) with 𝑗 ≠ ∅ increases,

then no further 𝑊̃ or 𝑀̂ values in the ancestors of 𝑅𝑖 need to be updated. If a value 𝑊̃ ∅
𝑝,𝒖 (ℓ ′) does

not increase, again no changes are required in the ancestors. Finally, if 𝑊̃ ∅
𝑝,𝒖 (ℓ ′) increases by a

nonzero amount Δ′, then by Equation (7), the value 𝑀̂𝑖,𝒗 (ℓ ′) must be increased by Δ′. Consequently,
the recursive call Update(𝑝, 𝒖 [key(𝑝)], ℓ ′,Δ′) is triggered, and 𝑀̂𝑖,𝒗 (ℓ ′) is updated at line 2 of

Algorithm 7. Applying the argument recursively establishes the correctness of the entire process.

We next show that the amortized update time is 𝑂 (log
3 𝑁 log log𝑁 ). The key observation is

that for each relation 𝑅𝑖 and its parent 𝑅𝑝 , we update the values 𝑊̃
𝑗
𝑝,𝒖 (ℓ ′) if and only if 𝑀̃𝑖,𝒗 (ℓ)

changes, where 𝒖 ∈ 𝑅𝑝 ⋉ 𝒗 (note that for each 𝒖 there exists a unique 𝒗 such that 𝒖 ∈ 𝑅𝑝 ⋉ 𝒗). For

any fixed 𝑖, 𝒗, and ℓ , the value 𝑀̃𝑖,𝒗 (ℓ) changes at most𝑂 (log𝑁 ) times. Whenever an update occurs,

we recompute all values 𝑊̃
𝑗
𝑝,𝒖 (ℓ ′) for every ℓ ′ ∈ ⟦𝐿 − 1⟧ using the FFT algorithm, which takes

𝑂 (𝐿 log𝐿) time. Since there are 𝐿 possible scores, for fixed 𝑖 and 𝒗 there are 𝑂 (𝐿) distinct values
𝑀̃𝑖,𝒗 (ℓ). Hence, the values 𝑊̃ 𝑗

𝑝,𝒖 (ℓ ′) are updated at most 𝑂 (𝐿 log𝑁 ) times in total, each costing

𝑂 (𝐿 log𝐿) time. This yields an amortized update time of 𝑂 (log
3 𝑁 log log𝑁 ). Finally, after every

𝑁 insertions, we rebuild the dynamic index from scratch and update 𝑁 ← 2𝑁 . This rebuilding step

preserves the same amortized update bound of 𝑂 (log
3 𝑁 log log𝑁 ).

By definition, there exists a constant 𝑐★, depending only on |T |, such that𝑊
𝑗

𝑖,𝒖 ≤ 𝑊̃
𝑗

𝑖,𝒖 ≤ 𝑐★𝑊
𝑗

𝑖,𝒖

and𝑀𝑖,𝒖 ≤ 𝑀̃𝑖,𝒖 ≤ 𝑐★𝑀𝑖,𝒖, for all 𝑖, 𝑗, and 𝒖. Therefore, the index implicitly represents a superset of

the true join results that may include dummy tuples. Since the number of non-dummy tuples is a

constant fraction of this superset, the probability of sampling a non-dummy tuple using Algorithm 5

is at least 2
−𝑐
, where 𝑐 is a constant depending only on |T |, similarly to [23]. Consequently, the

expected query time remains 𝑂 (1 + 𝜇Ψ log𝑁 ). □

This index can be used to generate a one-shot subset sample with the following running time:

Corollary 5.4. Given an acyclic join instance𝑄 consisting of 𝑘 relations, and a set of associated weight
functions {p𝑗 }𝑅 𝑗 ∈𝑄 , we can maintain a one-shot subset sample in 𝑂 (𝑁 log

3 𝑁 log log𝑁 + 𝜇Ψ log𝑁 )
expected time, where 𝑁 is the total number of insertions.

6 Conclusion
Wepresented the first efficient framework for subset sampling over joins without full materialization.

By exploiting the join structure of the query and decomposability of weight functions, our algorithms

achieve near-optimal complexity for static indexing, one-shot sampling and dynamic maintenance

under insertions. We aim to extend our theoretical framework to support a broader class of weight

definitions. While this paper addressed standard aggregation functions, efficient sampling under

complex, non-monotonic, or holistic aggregation functions remains open. Furthermore, we plan

to bridge the gap between theory and practice by implementing and evaluating our indexes on

real-world machine learning workloads over relational data.
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A Full Notation Table
Please find our main notations in Table 2.

Notation Description

G
en

er
al

𝑆 A set of elements.

p A probability function assigning a probability to each element in 𝑆 .

Ψ = ⟨𝑆, p⟩ A subset sampling problem instance.

X A random subset sample from a subset sampling instance.

𝜇Ψ The expected size of a subset sample X from Ψ.

[𝑥] The set of integers {1, 2, . . . , 𝑥}.
⟦𝑥⟧ The set of integers {0, 1, 2, . . . , 𝑥}.

DirectAccess A Direct Access oracle.

Su
bs
et

Sa
m
pl
in
g
ov

er
Jo
in
s

att, dom The set of all attributes and the domain of all values.

𝒖, 𝒗 Tuples.

𝑅𝑖 The 𝑖-th relation in a join query.

schema(𝑅𝑖 ) The schema (set of attributes) of relation 𝑅𝑖 .

𝑄 = {𝑅1, . . . , 𝑅𝑘 } A join query consisting of 𝑘 relations.

𝑁 The input size of 𝑄 , i.e.,
∑𝑘

𝑖=1
|𝑅𝑖 |.

Join(𝑄) The set of result tuples from the join query 𝑄 .

𝐺 = (𝑉 , 𝐸) The schema hypergraph of a join query 𝑄 .

𝜌∗ The fractional edge covering number of schema graph 𝐺 .

p𝑖 (𝒖) The probability associated with a tuple 𝒖 ∈ 𝑅𝑖 .
p(𝒖) Prob. of join result 𝒖, defined as

∏𝑘
𝑖=1

p𝑖 (𝒖 [schema(𝑅𝑖 )]).
𝐿 The number of partitions/buckets, defined as ⌈𝜌∗ log𝑁 ⌉.

𝜙 (𝒖) The score of a tuple 𝒖.

Bℓ The set (bucket) of join results with score ℓ .

O
pt
im

iz
ed

In
de

x

T Join tree for an acyclic join.

T𝑖 The subtree of T rooted at relation 𝑅𝑖 .

C𝑖 The set of child nodes of relation 𝑅𝑖 in T .
T 𝑗

𝑖
The partial subtree of T𝑖 excluding children preceding 𝑅 𝑗 .

key(𝑖) Common join attributes between 𝑅𝑖 and its parent in T .
𝑊

𝑗

𝑖,𝒖 (ℓ) # of join results with score ℓ in T 𝑗

𝑖
involving 𝒖.

𝑀𝑖,𝒗 (ℓ) An aggregated count of𝑊 -values for tuples projecting to 𝒗.

D
yn

am
ic

𝜂 A timestamp in the streaming setting.

𝑄𝜂
The join defined by the first 𝜂 tuples in the stream.

p
𝜂

The weight functions associated with 𝑄𝜂
.

𝑊̃
𝑗

𝑖,𝒖 (ℓ) An approximated upper bound of𝑊
𝑗

𝑖,𝒖 (ℓ).
𝑀̃𝑖,𝒗 (ℓ) An approximated upper bound of𝑀𝑖,𝒗 (ℓ).

Table 2. Table of Notations

B Missing Materials in Section 3
Formally, we prove the correctness of Algorithm 5 using the following lemma.
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Lemma B.1. Let DirectAccess (𝑆ℓ̂ , 𝜏) and DirectAccess (𝑆ℓ̄ , 𝜏) be two distinct calls in Algorithm 3.
Let 𝒘̂ ∈ Join(𝑄) be the tuple returned by Algorithm 5 on input (𝑆ℓ̂ , 𝜏), and let 𝒘̄ ∈ Join(𝑄) be the
tuple returned on input (𝑆ℓ̄ , 𝜏). Then 𝒘̂ ≠ 𝒘̄ .

Proof. We assume that all the𝑊 and 𝑀-values are correctly computed. Moreover, ℓ̂ ≠ ℓ̄ . We

will show that 𝒘̂ ∈ Bℓ̂ and 𝒘̄ ∈ Bℓ̄ . Consider any call of DirectAccess (𝑆ℓ ′ , 𝜏 ′) in Algorithm 3. We

claim that Algorithm 5 always returns a join result from Bℓ ′ . We prove this by strong induction on

the height of the join tree T . If the join tree has a single leaf node 𝑅𝑖 (height 1), then in Line 1 the

algorithm only considers tuples of 𝑅𝑖 with score ℓ ′, so the returned tuple belongs to Bℓ ′ . Assume

that the claim holds for all join trees of height at most ℎ. Let 𝑅𝑖 be the root of a join tree of height

ℎ + 1. In Line 4, the algorithm considers pairs (ℓ1, ℓ2) such that ℓ1 + ℓ2 + 𝜙 (𝒖) = ℓ ′. By the induction

hypothesis, we have 𝜙 (𝒖1) = ℓ1 and 𝜙 (𝒖2) = ℓ2, and therefore 𝜙 (𝒖1 Z 𝒖 Z 𝒖2) = ℓ ′.
Applying this argument to DirectAccess (𝑆ℓ̂ , 𝜏) and DirectAccess (𝑆ℓ̄ , 𝜏), we obtain 𝒘̂ ∈ Bℓ̂ and

𝒘̄ ∈ Bℓ̄ . Since ℓ̂ ≠ ℓ̄ , we have Bℓ̂ ∩ Bℓ̄ = ∅, and thus 𝒘̂ ≠ 𝒘̄ . We now assume that ℓ̂ = ℓ̄ = ℓ∗ and
𝜏 ≠ 𝜏 . Wlog, suppose that 𝜏 > 𝜏 . We prove the claim by strong induction on the height of the join

tree. If the join tree consists of a single leaf node 𝑅𝑖 (height 1), let 𝒖̂ (resp., 𝒖̄) be the smallest tuple

found in Line 1 for the pair (ℓ̂, 𝜏) (resp., (ℓ̄, 𝜏)). For every 𝒖′ ∈ 𝑅𝑖 , the value𝑊 𝑗

𝑖,𝒖′ (ℓ∗) is equal to 1 if

𝜙 (𝒖′) = ℓ∗ and 0 otherwise. Hence, the sum

∑
𝒖′∈𝑅𝑖 :𝒖′⪯𝒖𝑊

𝑗

𝑖,𝒖′ (ℓ∗) increases by one for each new

qualifying tuple. Since 𝜏 ≠ 𝜏 , we conclude that 𝒖̂ ≠ 𝒖̄ and therefore 𝒘̂ ≠ 𝒘̄ .
Assume that the claim holds for all join trees of height at most ℎ. Let 𝑅𝑖 be the root of a join tree

of height ℎ + 1. If 𝒖̂ ≠ 𝒖̄ in Line 1, then clearly 𝒘̂ ≠ 𝒘̄ . Hence, we assume that 𝒖̂ = 𝒖̄ = 𝒖. The sum∑
𝒖′∈𝑅𝑖 :𝒖′⪯𝒖𝑊

𝑗

𝑖,𝒖′ (ℓ∗) is identical for both instances, so 𝜏 and 𝜏 are reduced by the same amount in

Line 2. By a slight abuse of notation, we again denote the updated values by 𝜏 and 𝜏 . Let (ℓ̂1, ℓ̂2) and
(ℓ̄1, ℓ̄2) be the smallest pairs found in Line 5 for the inputs (ℓ̂, 𝜏) and (ℓ̄, 𝜏), respectively. If ℓ̂1 ≠ ℓ̄1 or

ℓ̂2 ≠ ℓ̄2, then by the first part of the proof we immediately obtain 𝒘̂ ≠ 𝒘̄ . Hence, we assume that

ℓ̂1 = ℓ̄1 = ℓ1 and ℓ̂2 = ℓ̄2 = ℓ2. The sum
∑
(ℓ ′

1
,ℓ ′

2
) ∈Φ:(ℓ ′

1
,ℓ ′

2
)≺ (ℓ1,ℓ2 ) 𝑀 𝑗,𝒖 [key( 𝑗 ) ] (ℓ ′1) ·𝑊

next( 𝑗 )
𝑖,𝒖 (ℓ ′

2
) is identical

for both instances, so 𝜏 and 𝜏 are again reduced by the same amount in Line 6.

We now reach the final stage of the algorithm, where the smallest tuples and score pairs coincide,

but 𝜏 > 𝜏 . We compute 𝜏1, 𝜏2 and 𝜏1, 𝜏2 as in Lines 7 and 8. The denominator𝑊
next( 𝑗 )
𝑖,𝒖 (ℓ2) in Line 7

is the same in both executions. If 𝜏1 ≠ 𝜏1, then by the induction hypothesis 𝒖̂1 ≠ 𝒖̄1, which

implies 𝒘̂ ≠ 𝒘̄ . Otherwise, assume that 𝜏1 = 𝜏1 = 𝜏1. There are two cases. If neither 𝜏 nor 𝜏

is divisible by𝑊
next( 𝑗 )
𝑖,𝒖 (ℓ2), then 𝜏2 = ((𝜏 − 1) mod 𝑊

next( 𝑗 )
𝑖,𝒖 (ℓ2)) + 1 = 𝜏 mod 𝑊

next( 𝑗 )
𝑖,𝒖 (ℓ2) > 0

and 𝜏2 = ((𝜏 − 1) mod 𝑊
next( 𝑗 )
𝑖,𝒖 (ℓ2)) + 1 = 𝜏 mod 𝑊

next( 𝑗 )
𝑖,𝒖 (ℓ2) > 0. Since 𝜏 > 𝜏 , it follows that

𝜏2 > 𝜏2, and by the induction hypothesis 𝒖̂2 ≠ 𝒖̄2, again implying 𝒘̂ ≠ 𝒘̄ . In the second case, 𝜏 is

divisible by𝑊
next( 𝑗 )
𝑖,𝒖 (ℓ2) but 𝜏 is not. Then 𝜏2 = ((𝜏 − 1) mod 𝑊

next( 𝑗 )
𝑖,𝒖 (ℓ2)) + 1 =𝑊

next( 𝑗 )
𝑖,𝒖 (ℓ2) while

𝜏2 = ((𝜏 − 1) mod 𝑊
next( 𝑗 )
𝑖,𝒖 (ℓ2)) + 1 = 𝜏 mod 𝑊

next( 𝑗 )
𝑖,𝒖 (ℓ2) <𝑊

next( 𝑗 )
𝑖,𝒖 (ℓ2). Hence 𝜏2 > 𝜏2, and by the

induction hypothesis 𝒖̂2 ≠ 𝒖̄2, which concludes that 𝒘̂ ≠ 𝒘̄ . □

C Discussion On Other Functions
We next discuss the extension to other aggregation functions. For our algorithms, the results can

be extended to support MIN, MAX, and SUM. We will show how to adapt the high-level idea in

Section 3.1 to these functions.

MIN and MAX. Without loss of generality, we consider the function MIN. We assume that a

DirectAccess oracle is available for the input join 𝑄 (under some fixed ordering), such that it

receives an integer 𝑖 ∈ [| Join(𝑄) |], and returns the 𝑖-th element of Join(𝑄). Similar to before, the

ordering can be arbitrary but must remain consistent across multiple invocations of this oracle. Let
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𝐿 = ⌈2𝜌∗ log𝑁 ⌉. The first step of partitioning join result is exactly the same as before. The second

step of applying subset sampling to all sub-instances also follows. Let 𝒋 = ( 𝑗1, 𝑗2, . . . , 𝑗𝑘 ). Every join

result in the sub-instance 𝑄𝒋 has the probability min𝑖∈[𝑘 ] 2
−𝒋𝑖 = 2

−max𝑖∈ [𝑘 ] 𝑗𝑖
to be sampled. We first

point out the following observation on each sub-instance in such a partition:

Lemma C.1 (Either Light or Near-uniform Sub-instance). Let 𝒋 = ( 𝑗1, 𝑗2, . . . , 𝑗𝑘 ). If max𝑖∈[𝑘 ] 𝑗𝑖 ≥ 𝐿,
the instance Ψ𝒋 is light, and otherwise, it is 2-uniform.

Intuitively, if max𝑖∈[𝑘 ] 𝑗𝑖 ≥ 𝐿, every join result has its probability at most
1

| Join(𝑄 ) | , so by definition
this sub-instance is light. Otherwise, max𝑖∈[𝑘 ] 𝑗𝑖 < 𝐿. Now, the ratio between the maximum and

the minimum probability is at most 2, so by definition this sub-instance is 2-uniform. Hence,

• Preprocessing phase: We partition input tuples by weights, as well as the join instance 𝑄 . For

each sub-instance 𝑄𝒋 with 𝒋 ∈ ⟦𝐿⟧𝑘 , we build DirectAccess oracles and compute the join size.

• Query phase: We invoke Algorithm 3 with input {⟨𝑄𝒋, 𝑝⟩ : 𝒋 ∈ ⟦𝐿⟧𝑘 } with 𝑝+𝒋 = 2
−max𝑖∈ [𝑘 ] 𝒋𝑖

.

Whenever a join result is sampled from 𝑄𝒋 , we use the DirectAccess oracle to retrieve it.

For the optimized index, for every 𝒖 in 𝑅𝑖 we define the score 𝜙 (𝒖) = ⌊− log p𝑖 (𝒖)⌋. For a join
result 𝒖 ∈ Join(𝑄), its score is ¯𝜙 (𝒖) = max

𝑘
𝑖=1

𝜙 (𝒖 [schema(𝑅𝑖 )]). The buckets Bℓ = {𝒖 ∈ Join(𝑄) |
¯𝜙 (𝒖) = ℓ} are defined in a similar way, as for the product function. We note that for any 𝒖 ∈ Bℓ ,
2
−ℓ−1 < p(𝒖) ≤ 2

−ℓ
, hence the ratio between the maximum and minimum probability in each

bucket Bℓ is at most 2. The index is similar to the one we constructed in Section 3.2. During the

query phase, we run an algorithm similar to Algorithm 5. In Steps 4 and 5 the number of pairs we

try is not 𝐿 =𝑂 (log𝑁 ), as in the case of the product function, but𝑂 (𝐿2) =𝑂 (log
2 𝑁 ). Additionally,

we do not apply the FFT in the preprocessing phase. Overall, our results extend to theMIN (and

MAX) function with the same guarantees up to a log𝑁 factor.

SUM. Similarly, our indexing framework naturally extends to the SUM function. Interestingly,

SUM can be handled in exactly the same way as MAX: we define identical scores and buckets for

the SUM function as those used for theMAX function. Namely, for every 𝒖 in 𝑅𝑖 we define the score

𝜙 (𝒖) = ⌊− log p𝑖 (𝒖)⌋. For a join result 𝒖 ∈ Join(𝑄), its score is ¯𝜙 (𝒖) = min
𝑘
𝑖=1

𝜙 (𝒖 [schema(𝑅𝑖 )]).
For every ℓ we define the bucket Bℓ = {𝒖 ∈ Join(𝑄) | ¯𝜙 (𝒖) = ℓ}. We note that for any 𝒖 ∈ Bℓ ,
2
−ℓ−1 < p(𝒖) ≤ 𝑘 · 2−ℓ , hence the ratio between the maximum and minimum probability in each

bucket Bℓ is at most 2𝑘 = 𝑂 (1). The index is similar to the one we constructed in Section 3.2.

During the query phase, we run an algorithm similar to Algorithm 5. In Steps 4 and 5 the number

of pairs we try is not 𝐿 =𝑂 (log𝑁 ), as in the case of the product function, but 𝑂 (𝐿2) =𝑂 (log
2 𝑁 ).

Additionally, we do not apply the FFT in the preprocessing phase. Overall, our results extend to the

SUM function with the same guarantees up to a log𝑁 factor.
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